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LB RF W EFAR T ABSTRACT

Numerical Methods for Transport Equations and Wave
Propagations with Multiple Scales and Uncertainty

ABSTRACT

First, we develop a generalized polynomial chaos (gPC) based stochastic Galerkin (SG) for
hyperbolic equations with random and singular coefficients. Due to the singular nature of the
solution, the standard gPC-SG methods may suffer from a poor or even non convergence. Taking
advantage of the fact that the discrete solution, by the central type finite difference or finite volume
approximations in space and time for example, is smoother, we first discretize the equation by a
smooth finite difference or finite volume scheme, and then use the gPC-SG approximation to the
discrete system. The jump condition at the interface is treated using the immersed upwind methods
introduced in [1-2]. This yields a method that converges with the spectral accuracy for finite mesh
size and time step. We use a linear hyperbolic equation with discontinuous and random coefficient,
and the Liouville equation with discontinuous and random potential, to illustrate our idea, with
both one and second order spatial discretizations. Spectral convergence is established for the first
equation, and numerical examples for both equations show the desired accuracy of the method.

Secondly, we study the stochastic Galerkin approximation for the linear transport equation with
random inputs and diffusive scaling. We first establish uniform (in the Knudsen number) stability
results in the random space for the transport equation with uncertain scattering coefficients, and
then prove the uniform spectral convergence (and consequently the sharp stochastic Asymptotic-
Preserving property) of the stochastic Galerkin method. A micro-macro decomposition based fully
discrete scheme is adopted for the problem and proved to have a uniform stability. Numerical
experiments are conducted to demonstrate the stability and asymptotic properties of the method.

Thirdly, we propose a new time splitting Fourier spectral method for the semi-classical
Schrodinger equation with vector potentials. Compared with the results in [3], our method achieves
spectral accuracy in space by interpolating the Fourier series via the NonUniform Fast Fourier
Transform (NUFFT) algorithm in the convection step. The NUFFT algorithm helps maintain high
spatial accuracy of Fourier method, and at the same time improve the efficiency from O(N?) (of
direct computation) to O(N log N) operations, where N is the total number of grid points. The
kinetic step and potential step are solved by analytical solution with pseudo-spectral approxima-
tion, and, therefore, we obtain spectral accuracy in space for the whole method. We prove that the
method is unconditionally stable, and we show improved error estimates for both the wave function
and physical observables, which agree with the results in [4] for vanishing potential cases and are

superior to those in [3]. Extensive one and two dimensional numerical studies are presented to verify
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the properties of the proposed method, and simulations of 3D problems are demonstrated to show
its potential for future practical applications.

Finally, we investigate numerical approximations of the scalar conservation law with the Caputo
derivative, which introduces the memory effect. We construct the first order and the second order
explicit upwind schemes for such equations, which are shown to be conditionally ¢! contracting
and TVD. However, the Caputo derivative leads to the modified CFL-type stability condition,
(At)* = O(Ax), where a € (0,1] is the fractional exponent in the derivative. When « is small,
such strong constraint makes the numerical implementation extremely impractical. We have then
proposed the implicit upwind scheme to overcome this issue, which is proved to be unconditionally
¢! contracting and TVD. Various numerical tests are presented to validate the properties of the
methods and provide more numerical evidence in interpreting the memory effect in conservation

laws.

KEY WORDS: hyperbolic equation, random coefficient, potential barrier, stochas-
tic Galerkin method, polynomial chaos, linear transport equation, random inputs, dif-
fusion limit, uncertainty quantification, asymptotic-preserving scheme, semi-classical
Schrodinger equation, vector potential, semi-Lagrangian time splitting method, nonuni-
form FFT
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Hermite #J2)EHIE Y H % (Ghanem) [25]) . Ghanem >R ] Hermite £ Wi{F oy IEAC RSN
BEPLERE, FHARRZBORM T2 TREFRAARTS Tt k] LAAE [24] ks,

Hermite Z2 30§ ] BARERCE LR SE&M, (BAE—LER I, Rl @A IF i Rl e e s
FIMERIUTARITEBLT . AFAEIRAE [26-27]. BEJG. AE [23] FRRH T X2 HEURIT (gPC) HKIgiE A
Meo £ gPC b, HURBEHU A RIBER M, WA E TR IESC 2 TR AT LAl e i
HYHESRSEH R A S AE—RINESC . gPC RYSRKAESF PDE Hig2] 1k [28-29].

XT gPC ) TARRE— B BT RN R 2 A 2 R RN AT 58 & AR
FEAATHYIESE . A RO, BURTAERY R, JXPhE) it Bt JaEE [30], /At
[31] f1Z£ I gPC[32].

1.1.4 BAMAZE (Intrusive Method) : BT E A%

YT BA B AR IR, SRR ePC JRITHY RE MBI 7% 2 BE L
S LG/ MUA R gPC RITHIIRE, HHENHTY e KBRS TRA R HEE R, W LA
I B Ty R i o SXRRBEHLINL 4 (stochastic Galerkin, SG) J7i, B4AE PC BRI T4
H L FHHOEEA RN, R AR SO R AT .

1.1.5 JFEEAEMAE (Non-intrusive Method) : FEHE =ik

AR, B [33] I LAE, =P BEHLEC S (stochastic collocation, SC) J7i&R4ERIMIG . IX1E
SRR X IHE AR W E A R BT L . BEALEC ST IR F T4 (34-35], Jf(l
F—4E A sk S U R 7 BAAE SR X PO AT LLSE IS W iE s, (H2 0 [36]), HiEH]
PEAUR TR ECR BRI AR i, RO p OB A SO I K . [33] 1Y AR Z Jeidi(E A
FINT FRBL M B, AT LA E W s B AR SR A g, SC BER LIy MCS 2L, Rl
AR ELELERIE YR RS, AT EE RS T EE LM FUG S RELEC S, B
HUZ W RUE LR BA H 200K, BIAREE RS [33] BBk GEMHE [36]. [37] $2H T —Fh B SL I th
T, ATLME gPC BT YA D SRR TS A . P61 gPC T IRAE SLIE FR IR B L RAR B
SECHEN RSN

1.1.6 gPC Fik/h&

T gPC-SG JiIEAEEUE S Hr AN S B BA M S A RIS P, i AASCH AP LA gPC-SG U7k
R, MR gPC-SC Tk EASHE . KT P Z RIRCEL USSR AT SE, 38 7 AS %
38].
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1.2 AXMEERNFSEHS
1.2.1 HAHBHL. BHARMHNEEFELRE: RHEBH ¢ePC-SG ik

X BRAE S B P R A o, AN A o TR S AT sl A Y B, X e R
PR E= A I REHLECANE Mok B @A e IR R 2

N1 AL PR R AL, BT EAE ) W7 AR BRI MR B AA  FRAE NS B OR AR A ROHEZR Y [1-
2,39-40], B X FhSFAF TR EEIE R rp o O TALHUAHRENE  JAEH gPC-SG Jiik. FrifE gPC-SG
TTEMNEIRTTRER) gPC LTS, 58] ePC REXRITENE TR, SRR i 25 [ RIR [A) bR A
A HUL . XERYFZRMELET gPC IS A R BT A A2 R L2 ] U2 e AR MR . T
FEBATIRY [ A 20 B A g i e

FNTR T P MRXARMERDHT 7%, EEATR R Bk gPC-SG id . WwatEil, FATE L
PSRN [ B BUSG T R, EDCH ROBUEE R, S8)FR gPC I I FiZEEU . T ES iR
R ISR AR BECHE . FTLL gPC BN T BOET 1 B RR AL GO REE I RIEAIRAR /)
PRI AT LA ZIR A AT SO E

1.2.2 FEIAHEENHIEZHAE: gPC-SG HAiEM—H (XFREHH) WHEMHELHS micro-
macro & NHIHE

FEIXANARE . BAPFBCABRACIE M, (X AR A E A 2 RO H 7. A0
g8 T AEREHEREE, O AR el R TP B S A E N E R et s T AR . 2 RUBE MRS RHIE 5
SRRACT € Forn, HAEFTBIDEAE X (e < 1) i, lTRCFITEHUN R, SEEIECH R
BYHOTRE, PO RO IR ek, TR BAAENEAY SO A et TR RO R (AP)
FERAEFIEER (FEBEHL Galerkin JPIEAUHESE T, Bl s-AP Jr)Me iy e — 0 i, T4
g TR BENL Galerkin J5 AR T HANBR 7RI BENL Galerkin J5ik, WIJTEE s-AP [,

XIS EZRMEET . Y e < 1 I, RER AT AR SOR BT BT « MEE, XEWRE
i 2 gPC LML W B &S e WA R 2. B8 AP AT LAEMSZT e AUk
ESEL (BRI AIENX — REER TR

FEARBESE T, AT REALALEE R A T A e e AR AR A1t T REHL Galerkin J7 i B SR E IR ZE Al
i ORI AR R T IR R R — SO SEE R X TRUERS . AT EET micro-macro
THRETIEIT R SR Y s-AP Tk ERUTERERAET E RN EIAEE T e MREENE
EaE

1.2.3 {EAIEHAREEIMER (NUFFT) it EAREZHNFEAETREAENRESE

MY B A A R R TR B E TS T R TE AR E RA% S, Jin A1 Zhou ££ [3] H5]
AN T R M H IR 0 2071, HrPRg ks 5 At = O(e) M1 Az = O(e) e LARIE
BRBHE L L XA NSEL ¢ RFAHHI ST E KO, rTLEMERS e MSZR9RS E]2E
TR LAY PR RS R o AEXTRERT, 2 IR EROARAE [3] HhadtfT T A nseail, o 7 Re%
5 REME TSRS . SEBR b, IRAE TS T LR m S R AR, BRI RER

4



LR R F P AR L F—F  F SRR RGNS S i ATk WA

JEM O(N) (ZHEHEE) W] O(N?) (B EM-ZECRAT) Hepr N 2Rt i . JX
FEPBGEEY FET AEIEH] . ROV A8 00

T 50 P ER A4 (NUFFT) (W, [42-43]) AR, [A)0nT DA AR iR o . SR 3R T
VERIEZBN 1o FATPR NUFFT 85k G IR ] 20 R0 B H 75 A2 O(Nlog N).
FANREY 77 R TAAUEN « 52 WEHRE RO, BRI 2 5 i Bk AT (. 24
i BIAJEI A2 ARSI . B Az = O(e) [ At = O(e) . FATEBATH T FEAE 2 [T 8] LY
WU . BATIEAE Wigner ZHRAGHEZLTIEN], S e JSZATI A1 BT AR VFRA TR
EOEZBERURIEIE RS

1.2.4 BEHESYMEH (Caputo) WTFIERAERMNBESTEIHTE

XI5 )& T LB UE AT, RS B AHENE . (RS QM EAARE, XTI E
FHG BAEA Caputo FHL (07, o € (0,1]), HFIN T ZALFMAY S IIZIXF AR RIEHCAZ Y
AR AR FIEE RS & . B TR EUE M RIS 5 T >4

MR T —Br A= ieonts =, IFEos TEME SR CFL 264, B sse TVD (B&E
W) Be SRT, PR CFL FAHBCRBZ IR T o — 0, X5 BN T/NY o AFTfT. %
W, FATEE— BB 17— R XS =L, ZEBAE R TC A A E Ry, HRHWZ
TVD fo fERXEAR BT, BUETH RN T AR RUE, R EUEIE R AR 1~ a A
HITCAZRIR o PEBATITRL, X RXT RS R AR I E R DRtz —






LB RFEHEFEB % =% gPC-SG 5k ie A 18 W B AR 69 s B 5 42 & 49 5 )

$BTE gPC-SG FAiEETHEERT RBEYRLAIXNHE FIERAN
2,

TATHY B A2 & SR A RN BUE T 2R AR G A G RN E BB LR B 7R o IXHER
(PR A S O R B AL B, AR B R A F e 22, iR R R
AR RAY BT Stk o T BEALECA IR E PERT IR b TR g TR i R Ll TN 5 R R e
WE R E A WATTRBREGEEATTESH, SR TXMREEFH5k, B ICERT T
BRPEEE /N

LR TR B R AREUN, G RR AR S R LA SN P R AR A DA A A 1 U ) R
FEFY, R REAE B N AE LI sl 22 AL B B AR EEA T [1-2] FER2EUERT . — H AR A
SR SRR G SR, TERTIEINIG SR P EA% 2 (Hamiltonian-Preserving) FYHEZEHT [2,40],
TREE KA AT LA E SR A B B UEAS S o X2 FRA TGSk I o2 S R85 I IRMERY 77 3%

T AR PR BEALAN 0 E P SR B IR, FRATE R L2 =0 (generalized Polynomial
Chaos (gPC)) EIT HERABENLMNIL 4 (stochastic Galerkin (SG)) J7ik [23-24,44-49]. W5y
FERIRRAEREAL 2 B B A RAE R IE e, R E S E, IR T 2 528 R P T, BRIt
TR TR LA B 1R B R A RO . AN, TR R, fRE AN A REAF e
X FHOTEWR S E AR R E R 28 H BT E IS SRS R [50-51]. ARE R
XTGR T AE B S [ A AL S22 SRR BRER . [RIr,  BEZ s 5 RE AT A AL R 2 E AL
28], NI BARAE R [ B A IR 22 B 6T e A — 2R Al

PR gPC-SG PRI T SEXS RAG IG5 T REAEBEAL 25 TRl i gPC aEilr (BEMLZS RIS IE
LEWAGEL) , EFESFEI KT gPC JRIT RE 4 2k 69 TR (MBEYLTEZE & 18 ¢PC Ik
LA EEE D) o SR BT 20 s A S E R A CAIRZE S, AR, AR
TCELEITIE) o QNSRRI R A BERLZS [ 2 78 20 I Y, IR 20X Fh gPC EE 7 &R TR .
AR, FATHFERIRETE T A E T IX g

AFERIATH EEEEE 5 4 ik gPC-SG . Wal@i, FATE B L s BUEE & AE
23 [RVRAES [R]_EX R G A R T B 1, SR )G AR gPC By T B HOr . T B HUE I BUE g
PSS T R IR EL A SE A I A E U, gPC 3 U S F T2 R ek 80 O [ A8 B I [A) 28R )
F&R/N) S RIHAT DASHEEA S WSO B o FRATTARIXFERY gPC-SG J5i5 N B4 gPC-SG Zrik. 1t
[50] HYBEMLAC RUERVHESE T, $2HIFA T — SRRSO Es], BRI SR S
[, (H2— S AR 1 (quantities of interests, Qol) 18 H HA B IENIE, A Al LAY
TG SOE

KRR TR, SEIE B EUEE Il O ZESRE], RO ZE SR T HRHIEZE Y
& (#l4n Lax-Friedrichs #%2, Lax-Wendroff 52X, SF55) o 1Ml KSR kg N 8% 2 S350
WHEEE R, OB AU T T HRAIE 3 R 4 X T =0 (Bimb) w6, T #I%
EREPE, (R ERFES (slope limiter 575 flux limiter) #f ENO & WENO RIE ] [52-54],

— 7 —



W B RUB AR A A 60 4035 5 9 M MG 3 7 % EHTARFHEFERL

IMHIE AR CH R 0 T ARFPEUEE e, JROTAAISCE [55] gl NHDEIER) BAP AR
il o
AT, AR XA FrAE A SRAT IS A A1 B 5G/2 2 AT TRl WA AL 2R 2 b B 0 st
Jite:
ug(z,t, z) + [e(x, 2)u(z,t,z)] =0, t>0. (2-1)
XH c(w, ) 2FPLRE (BENLEGH) . Hr 2 RAESE RS H Q HhiSRE AT R BN p(2) 1
BEPLAS e c(w,2) KT o 2R, XA T AR B [ S 55 A AR 25 A
u(z,v,t,z) >0 BIX4E/R (Liouville) Jy#e:

U +vu, — Vyu, =0, t>0, z,v€eR, (2-2)

HAAEE Ve, 2) KT o PRAELEN, XN T ML XL R4 R
AL u B,
E[u] = /u(z)p(z) dz. (2-3)

Fgi2
Viu] = E[(u— E(w)?] = / u(2)?p(z) dz — (Efu])? (2-4)

TR (2-1), Ml Lax-Friedrichs (R H gPC-SG J5ik, AT LA H Y
TTHERIE NS5 SR LR o e SR A BE R 25 T A e S SR, 1 23 (AU RIS TR R B S02 S E [39)
HEESZ B PE R S A 2R Bk RS TXBEOMAT A IR, JRATTER S 45 I AH B A B B I

FEIXEER I, AHEE AT RER AR RS . XN EAE3CE [51,56]) Hgg i 1440
T BATHIIT 2 AR T AFERCRRR BN (1] o

AEMLERAT o 2,195, FAPEN R gPC-SG TIHENM AT RE (2-1), FFREAT5E
R IE R A 2 BB s BUE S AE2.275 . BT PR RS I PR A AEGE T — Bl —Bir
2SR B A XI4E/RTTRE . AE2.3 0, ARSI T XA TR BUE R 0], ENTRAIESSHZ 55
FEREALAS A H TS

2.1 HHEE. BEILIKENXRAENER gPC-SG A%
AT BT BB XS R AR

{ut(x,t, z) + [c(az,z)u(z,t,z)]l =0, t>0, 2.5)
u(z,0,2) = uo(z, 2).
XH e(x, 2) KT o AERELEH T 2RI, i,
(o.2) = {c‘(z) >0, Wi z<o0, (2-6)
ct(z) >0, W z>0.
R CE (1], AT © = 0 25— G S EFE A TR E 2 -
w(07,t,2) = a(2)u(0,t, 2). (2-7)

— 8 —



EHEBREFFEFEASL # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

Hrf a(z) = UMBFRISFRE A, TR U a(z) = ¢ (2) /et (). F& BRI
ARTENER A . TR, IXBRAVBIE c(r, 2) TR 2 RO9LH, 3B RE—RiEs:
BT @ = 0.

TR (2-7) S0 ule,t, 2) B EINRIE B ZS AR RIBENL A . HER I A
(Gibb’s phenomenon) {75 gPC-SC Jr kS A48 . BN MR — /- 5165 gPC-SC Jrik
WA AR FATE e A AR B O (2-5), MR (3] I IR, XIHEHLA
o WEEAGSAL. [39] A0S B RGBT 6 0F (27) B9 (immersed) Bt 2 5Tt
gPC-SG 77 W I T By R 2%

2.1.1 &R

WM N ;= iAz, Hrf i€ Z BITABBNES, Ar Z2RIK/N. & t" = nAt ZTH
B, Hb At BINEEERK. 4 UM(2) = Uz, t7, 2) 2 ulz, t*, 2) PEUEEE. Jin fl Qi 78 [39]
H1o4 (2-5) (2-7) 2 AR XE L (immersed upwind scheme) &

Uri(z) = (1= X" (DU 2) + A (U (2), Wi <0,
UMl (z) = (1 = AT ()UM2) + A (U (2), W i=1, (2-8)
Urt(z) = L= AT ()UM(2) + AT (UL (2), R i >2,

Hrf A (2) = ¢t (2)At/ Az,

TR, WX EEUE (2-8) Fill, MAYRK U (2) XM TEINHER @ 2K T 2 G s,
WLAE— MR Z G, UM (2) 58552 2 6T %, JRIFMRMETR: A (2) = F(2)At/Az &£ 2
FOBIE R AL | TEROTEORIIA AR T 2 ZO6WHT, BrLME(TIZ] ¢ BB RS HDN T 2
W B4, MRIXIH e brnE gPC-SG Tk H THZ B EURSe, WY PEERS Az F1 At [#]
FENT, ATLAHEDE gPC-SG 5 A IS IX A BUE B a A o

HAEARHER) gPC-SG Jiik, FATEH Ul(2) KT 2 1y gPC BT, HIHITFRIAIR ¢PC It

K
Ul (2) = Z U;,L(k)Pk(z)7 (2-9)
k=0
M Po(=) 2L p(=) AR ESTAEE, WE Pl st
(P.P) = [ PP (2)olz) dz = (2-10)

HATR N RE SN
<ﬁm:/}@mwmaw, (2-11)

bij ;e B NTE 0 R JEIT REHR I T T#E

Uf(k) = /U[f(K)(z)Pk(z)p(z) dz. (2-12)

— 9 —
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WA (2-9) BN AMIT4 (Galerkin) #52, AT LIAS2) 524 UZf(k) TR R TR
Ut =1 =AU+ XU, WHRi<o,
Uin+1 = (1 - >‘+)Uz‘n + )\—U’in_l’ ﬂn% 1= 17 (2713)
Ut =1 - ANUr + X708, WmEi>2
B U7 = (U2, Ut)T 2 (K + 1) BGTIE. A 2 (K + 1) x (K + 1) i8R, HTRY
{Aim}ogk,mgK: Hrp
)\,f,m = /ci(z)Pk(Z)Pm(z)p(z) dz. (2-14)

2.1.2 IREMGTHFGETSE ST

BATE N B — LG AP RS, SRIFTEE FROMEIZ w(z,t, 2) FEXIH D = [a, b]
HPEARTE, Hb a<0R b >0 #5ZXEEEHE ¢ =0, —M <i< M 22 REHIER,
Az = (b—a)/(2M +1). BEEKIERRE n=0,1,....

TEREPLAS R Q@ F5E LA L? Y40

1O = / P2 (2)p(z) d. (2-15)
R XA
lun ()2 = / a7 () 2y pl2) 2, (2-16)
Hop
™ (2)||ex(py = Z|u )| Az. (2-17)

2.1.2.1  ERCEEARAE REAL 25 ] ) a0

N T HAFREM T, TATFHEH TR ESHAE U (2) RSB ENE. B, TRATFEX 24
EBARIIMOE S 10— 2B . BRI, FRAOIEEE LU MBI (200 [51,57)) .
Rig 2.1.
max|O2AT(2)] < v, max|OZuo(z,2)| <mi, VO < s <, (2-18)

Ed 0< 2N (2) =cF()At/Axr <1, £=1,2,..., v, n REMNFHK. REk—Mk, RNEEEL
— AR 7 =max {7, m0, 1}

FEEAEEGR (2.1) TEEL ve F e AMEFGT o BUEFAN TR LARRIAFEUEIR Q0N 1F N 45
B 2.1. 8% (2.1), R BRGIBAAME UM(2) # 2

Zeanggﬂlé’@Ui"(@l < Co(n)(27)"T, (2-19)
NFVLEN, X
Co(n)=> (Z) (1+s)" <2t (2-20)
s=0

— 10 —
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WERR. ¥ (2-8) X 2 44 £ 1K,

o) =) - 3 (§)orea o)+ 3 (o a o) mi<o,

S

M- 1~

(orreovne  mri-

0

S

~ 1

(5)
PP () = DU () - 3 (§)orerozure) +
)

LU (2) = AU (=) — (aﬁ N (U2 + (ﬁ)aﬁsw UL () MR

s=0

AR n MABCEAANE . Y n =11, PESS— P IEZEK

4
o) = 002 - 3 ([)ora @i + 3 ([N et () i <o,

s=0

V)

() = o2 - 3 ({)orxr (e l (on ot mwi-

s=0 s s= s
4 K l
0'UMNz) = 0'U(2) — <8>64 A(2)0UP(2) + Y (s)af IAT(2)05UL (2) R > 2.
s=0 s=0
RHEERI2.1,
Zelgggg\f)on(Z)! = Dax |0;uo (i, 2)| < max|diu(x, 2)| < (2-21)
AN
l—sy+ .
I?eaédaz ()] <. (2-22)
WATH

[
14
< Zlf_O E {—sy+ 5[(_0
zeIII\Ilg)E{Ql i ()] erll\llg)e( 007 (2)] ~ (S)I%Bqﬁz A ()L&%}éﬂw (2l

¢
+ ; <i)rilea§>2(|3ﬁ_s/\i(z)| max |8 9 (2)] (2-23)

i€EN,z€Q
Lot
<r+277 ; (S) <2r(2' + 1),
W2 (2-19) 2 n=1H1E¥, BERLT.
BRI Y n=p B, (2-19) gior, Ri:
Zergazt)éﬂngip(zﬂ < Cy(p)(27)Pr, WVl eN. (2-24)

— 11 —
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Mot n=p+ 1K, FIHTH—FE,

l

S

4
(rrp+1 < ‘P
1o JOUFT )] < g JOUT () + 2 (

1€EN,z€Q

)maxwfai(zn max_|9:U7(2)|
z€Q 1€N,zeQ

L
g l—s\+ STTP
+Z<S>r§gg|@ V()] s, 05U, (2)

<Cy(p)(27)PT + 22 ( )TC’g s(p)(2T)PT (2-25)
(Ce p) + Z < )Cg s > 27-)P+1T
=Cy(p+ 1)(2T)p+17'.
Mg — P EEXITATFE] Colp) BIHBHRK R,
0
Cy(n+1) = Cy(n) +Z< >C’¢ S(n), (2-26)
s=0
SiibuR RN AIE G .
et =Y (M) (2-27)
s=0
TESEFRATRZAE R, IE5. O
E 1 REOHL §
Cy(n) = (Z) (1+4s)f <2™(1+n)" <2t (2-28)
s=0
XTEEMZ] T = nAt, )
T T @ty
Cy(n) < 237 <1 + At) <2 &, (2-29)
2.1.2.2 gPC-SG Jy kR
it Ul (2) R4t FU B EUERS 0 (2-8) M. FROTEX K B+
PrUM = Z (UMz), Py(2) ) Py(2). (2-30)
gPC-SG ﬁ{fﬁqlﬁﬁé_‘[uﬁ\jﬂwgngﬁj\ K)(Z) G| el K)( )
Ul'(2) = Ul (2) = U'(2) = PrU(2) + P U (2) = U/ 1) (2) (2-31)

=10 (2) + e (2),

e 7 e (2) = UP(2) — PU (2) BRI . e o) (2) = PrUP(2) — Ul ey (2) A%
HTRBNRE v (2). BATEWF5(5:



LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

I 2.2, ABE2IT, T4z T =nAt felE& %S (N,

(b—a)C,(227)"r

e , WleN, (2-32)

Iy (D[ <
Ed Cp ZARMT {Pe(2)}ren #9% 2o
SRR A 77 ) (2) ATEHC | - e 93250,

172y O = U2 () = PeU™ ()

1/2
= (/IU."(Z) — PrUM ()7 (pyp(2) d2>

M ) 1/2
—</Q;%WHA—%WﬂdM@p@M% o)

1/2
Z </|Ui”(2) — PrU2)p(2) dz> Az

i=—M

IN

M
= > UM = PrUP () lr2@) Az,
i=—M

REFATCAMA T R I AT (Minkowski inequality) o FRJEHRIEZAMHY IE2C 2 WE T

MR (58], 145
Gl (2

WU () = PU ()| 220) < K (2-34)
HEHE2.1, 157
2
105U ()| 2y < ie%lgyaﬁw(zﬂ ( / p(2) dz) < Cy(n)(27)"r < 29D (27)" (2-35)
T VvieN, Frlh
1UF () = PrUP(O)llz20) < Co(2°721)"7/K, VL EN, (2-36)
FEL
M 4 n
1U™(-) = PrU™() || < Z Cp(2£+27_)n7_/K£Ax _ (b— a)C;(gZQ +27') T' (2-37)
=M
IEEE, O
FTREAM €f (1) (2). MM, BEIEERE U] k) (2) WL
Uf(}l)(z) = U5y (2) = P [N (2) (U] ) (2) = Ul (1) (2)) ] A i <0,
U:&})(Z) =U"1)(2) — P [()\JF(Z)U;?(K)(Z) - A_(Z)Uf—L(K)(Z))] iR i=1, (2-38)
Uf&l)@) = Ul ) (2) = P [N (2) (U 50y (2) = Uy (50 (2))] miE > 2.
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W % R A A R 69 4 iE 5 R ) A9 3 I 7 vk EHEZBRFFEFEASL

— L HEN (2-8) i K 5

PicU " (2) = PreUP (2) = Prc [\ (2) (U7 (2) = U4 (2))] i < o,
PKUZ-"H(z) =PrUM2) — Pk [()\J“(Z)Ui"(z) - )\_(Z)Ui"_l(z))] e i =1, (2-39)
PUP(2) = Pl (=) = Pac[X* () (U2 () — UZ, (2)] Wk i > 2.

(2-39) Wik (2-38) f41

e (k) = i) — Pk A" (2) (e} (k) — €1 x))]
— P [N (2) () — M1 x0)] i i <0,
€ (k) = €i(x) — Pk [()‘Jr(z)e?,(}() — A (2)e (K))] (2-40)
— P (A ()7 50y = A (D)1 x0)] g i =1,
ety = et — Pr [N ()€l k) — el )]
HAN T BEHRERANEHE T 2.
BUEFRATAT AZS BN THEVIRZE €] 4 (2) BT ATt
I 2.3, ABiE2.1TF, sSTFLEZ T =nAt FofEE%H (N ZYRLH 2o T4+
. 27 c,C
el < ZOZ DG g ey, (2-41)
(20+27)n — 3n ‘ L N
_‘)}:j:_c}:' Cé(n) = W, Cp fiﬂf&%ﬁfii%lﬁi\‘ {Pk(z)}kEN éﬁ”’%’ﬂ%io
IERR. Bk, MREE (2-40), XF ¢ <0 FATAEW Nkt
et Iz < llef o lle2 ) + ||7’K||[f?gg(x(z))(ﬂeﬁ(m||L2(ﬂ> + e, 22 @)] o i)
+ 1Pk [glgg()\f(z))(||7"§f(mHL2(Q) + i o 2 @) -
HER P <1 ($&ET) rgleaéc(/\i(z)) <1, AJLAMSH
||€ HLz(Q <llef ez + llef x)llz2@) + ey ol 22 @) (2-43)
+ ||Ti,(K)HL2(Q) + Hri—l,(K)”Lz(Q)‘
177 oy lle2@) < Cp(2727)" /K", Vi€ Z,VE €N, (2-44)
Jir LA
lef i Iz < 2l (o lle2e) + ey ) 2 @) + Cp2r (274 27)" / K*. (2-45)

UG, HT i = 1R 6> 2, FAVERI LI, AR e —if L Az
ety I < Bllefioy |1 +27(b — a)Cp(2727)" / K*. (2-46)

14 —



LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

PR3 R AR TEREE] el llr = 0., 755

27(b—a)C, (2°727)" — 3"  27(b—a)C,C}(n)
Kt 2t+2r —3 Kt

HEEE, O
IAEFATAT LABRIE gPC-SG J7ikxt T B R i Sl e 7t -

EIE 2.4, ABE21T, FFLEMZ T =nAt FEFLZEHK (N, gPC-SG Z ik AT Bk
By A X = A0 iR £

ety < . (2-47)

(b—a)C,C(¢,n)

x4 Cn) = 22"t +27C)(n).

HERH. HRIESIIB2.2715(382.3, (1A

n n n n (b—a)C,(2 2"t 27(b—a)C,C)(n) (b—a)C,C(¢,n)
10" =Ulo |z < Irimellm + el 1o < ;(g + 7 Pt = KF; ;

HEER. O

vl €N, (2-48)

+1)T

o2 BH C(6n) = O(2107) = 0<2 ) BT E M S0, gPOSC ik 2t
sk,

2.1.2.3 Bl gPC-SG Jy LR ZEAf T
IAEFATAT DAERR ZE M P EEEE R . R MR 25151 B Jin Al Qi & FHfeEtt:
I 25 R [39].

SIE 2.5. & uo(z,2) & 2 A REEF$. HRA%X (2-8), &£ CFL %4 0< A\ (2) <1 F, &
do Ty 00 R

IU"(2) = u(t", 2) o) < CL(2)T(e(2)) + Ca(2)T (e (2)), - HEAEZH 2, (2-49)
HoF
T(c(2) = 2\/ci(z)Ax(1 - ci(z)%)tn + Az, (2-50)

Ci(2), Colz) & 2z 89 R,

WERR. XS TEAEERN 2, XY T DEMER R, ST UE R A R [39] e 1.

FIXHEIEAURER = (2) WHEIERFFHARR, FreAaT AR5 O (2) fl Ca(z2). O
BN RBATE R it

EE 2.6, ABE2IAK u(x,2) & 2z 9AREEZHH, 2T H#KY gPC-SG Friktyiz 24t

(b—a)C,C(¢,n)
K! ’

UGy — u( " ) |lr < C(T)(VAz 4+ At + Az) + Vi €N, (2-51)
O(T) RE#MTF T, Cl,n) R#UTF At Fo L,

— 15 —



W% ROE A A 0 38 55 ok sl R A8 3 B o ik LG RF R FAER L

UERR. T 5BIRA TIIRZE 2 P S)
UGy = a5t )l < U™ = w(@i, 6", 2) || + Uy = U”||ar- (2-52)

S E R AERS (2-8) iRZE, HE5IE2.5

1/2
U2, (/wﬂ tzmmmm>d>

1/2
(/ +@@W@<>»maw>

1/2
s(/ Wmaw) +</wuamﬁ@m%wma

wJa — AR T EA TR R Ci(2) AR

1/2 1/2 1/2
(/[T(ci(z))]%(z) dz) 2</ci(z)Ax(1 - ci(z)ﬁ—;)tnp(z) dz) + (/szp(z) dz)

1/2
2 <tnAx z)p dz —t, At /(ci(z))zp(z) dz) + Ax (2-54)

IN

(2-53)

1/2

IN

< C(T)VAx + At + Ax.
SligEEl
(U™ —u(-,t",)||la < C(T)(VAz + At + Az). (2-55)

XTH s IR EE2.430 14

" n b—a)C,C({,n
U™ = Uyl < ( >K‘; ( ), Ve € N. (2-56)
BJa FA PR P R A RIS E518 RS O

2.2 HAFHERENERHBPXNERAFENEN gPC-SG Hik
TEARTH, AT R EAREHATEER 28 %1 Liouville J7F2:

ug +vuy — Vyu, =0, >0, z,v€R, (2-57)
HIME N
U(.’E,’U,O, Z) = ’U,()(.’E,U,Z), (2758)
At u(z,v,t,2) RAEALE v, WEN v, W%t EHOR R AT R V(z, 2) TR
A 2 R

X AERIT AR EA AR EE — @ A L RURFAEZE :
dx dv

i —Va(z, 2), (2-59)

— 16 —



LB RFEHEFEB % =% gPC-SG 5k ie A 18 W B AR 69 s B 5 42 & 49 5 )

s A BTG W A R S .

1
.H:§&4JKL@. (2-60)

WR V (2, 2) KT o 2R O TR 2RO, M H (2-59) 45 HiHY Liouville J5 FEAY 4
A AR RWT AL R TCTF K, MU E BRI RME. 75—, WG AT, IG5 /R
#ga EARFRFIH BT XA, Jin Al Wen $2H 17— PHEZE, BbR oy s B~y EH 20 (Hamiltonian
preserving scheme) , H T AR BB 28 I (R MDA T O ST FURT SR A R N B RS =0, T
[2], [59].

AR IFV T 9, FATE SC e e EAR R O R (2-57) , IXI BN THERENLAL 5 2 IO EERY
R AN B FANTAE @ M v JT RIS WIS, 21y, 8= 0,0 N F vj4ay2, 5 = 0,..., Mo ¥
FEHUOME (ﬂfi,vj)»i =1,....,N,j=1,..., M, Htpz; = (xi+1/2+xi71/2>/2vvj = (Uj+1/2+vj—1/2>/2°
MR NEHN Ax = Tit1/2 — Ti-1/2 M Av = Vi41/2 — Vi—1/20 BEAN, FRAMEE VY [RIBT 575 A A%
S ke AE @iy WGV ERVHIRA I VI, and V2, o0 B0ARERTT LS i

u; (2) —ul (z - .
sy (=) + v, it1/2,5( )A:v i1/25(2) DV;(2) Uz,3+1/2(Z)Avuz,J—1/2(Z) _o,

(2-61)

L z)—=V. z
DV . i+1/2 i—1/2 )
i(2) Az

A TR LR E IR A 5 BB E 8 uz’,j+1/2(2) i Uil/zj(Z)o

(2-62)

2.2.1 —M =T EERFHEN

TERXE, FRATTAT LI 18 & ujil/z,j(z) i AR IER — Bl XA =, R AR A T TA) i i ok 2
vy, BENLASGE 2 oK. PAG, $Fethge b LR MG Fla, JATERE v; > 0, RIEEE<FIE
S

u;+1/2,j(z) = uy;(2),

" i1 k(2) + cativ1 kr1(2),  HTHT, (2-63)
ui+1/2,j(z) =
Uit1,k(2), K5,
kS v WEIT B R R P E A (W [2]) B9FEhE,
1 1
5(“1’)2 Vi = §(v+)2 + Vz‘il/Qv (2-64)

Soh ot BHET SR RIHEIE. MR (0)7 + 2V, — Vi) >0, RFREIHE G5,

vt = \/(vj)2 + 2(‘/;‘11/2 - ‘/;'11/2)’ (2-65)
k 2
v < vt < v, (2-66)
c1 & co REMHER R,
vt —w Vg1 — vt
“="x, ooy = kHAv , € +c=1 (2-67)

17—



W % R A A R 69 4 iE 5 R ) A9 3 I 7 vk LB RFHEFER T

R (0)2 42V — Viny) < 0. KPR, 0 & AL

J

v = —v;. (2-68)

Yov; <O B, FEERFATATLAE (2-64) BiE 1., o F ko

XTI w;j41/2(2), FEAEREREZ/ N 5 o JTREEAE, v I EHE#E DV;(2) {6k
THEMLAR 5 2, MRS R BEATLAY o I (01540 R 2 () O A ) TR B M AL R B BE AL 2 TR 4
RIS AR R AE 25 B RIS (Al XUE =) . 08-S B0 m B U AR 2 R 2 A e 2 1)
IEN

X HEIZATH Lax-Friedrichs ZUEl &, &2 MK TRMEZ(EER

1
Ui jr1/2(2) = 5 %(Z)(Ui,jﬂ(z) —uij(2)) = (uij (2) + i j1(2)) | (2-69)

a NEEE a > max |DVi(2)].

M TR EH, fTLAESHES] « J7A v JTARE RS R T 2 BB RE. w2.175Fr
R, AT LS SIS, Z B EEHE w; (), M TEDEER 4,7 & 2 B RE. K5, A
HhriE gPC-SG JiE N H TIZ B ELARS, 52105, YRR Az FORFRIZEK At [EER, 7T
DI Z 7 ik s S 2 s g, HIE 521 ag R

E 3. XHEALAMEAMEAT USSR, GIURH Lax-Friedrichs #3034,

2.2.2 ZIHiTEEEHER

FERTAIT R, AR T — 1 BEA—Bras A ay B a gPC e Bk, FA ML HaE L
N B R e BRI, 2 A R R YR v e 2 (2], d g (5 0E v; > 0 1Y
H1E L)

_ Azx
Uiy (2) = uii(2) + 7%‘(2)’

Az Ax
. c (ulk(z) + 28i7k(2)) + ¢y (Ui’k_l’_l(z) + 5 Sik+1 (z)) ) (2-70)
Ui1yz,(%) = Az
Ui+1,k(2) - 75i+1,k(2’),

sij NREEBRANES . 1, co, b FFEH (2-63)-(2-68) MRAEMEWFER UG, IR —Br iR b
TS A, I =B 7 S ARG I NBUEIR Y o O T IR . AR 2 22 8l
/NHYIEAE (total-variation-diminishing, TVD[52], R LA PR R o ZAT ., K2 H0H TSR
FERIRBIAHZIER AR, XN TR RN i, FAIE T #Fkoy BAP
HICH BRI R . AR SCE [55] PEI N I RIEXAER (24, v;) [EFIAETHYE M ,

s1(2) = (uij(2) —ui-1,(2))/Aw,

(2-71)
sr(2) = (Uig1,5(2) — ui5(2))/ Az,
154 BAP 1B . .
- (Bt2E00)

18 —



LB RFEHEFEB % =% gPC-SG 5k ie A 18 W B AR 69 s B 5 42 & 49 5 )

—ESERY B(z) KB T-ELEE

B(x) = arctan(z), B~ !(z) = tan(x),
B(x) = tanh(x), B~Y(z) = tanh™'(z), (2-73)
B(x) = Wit B~ (x) = Vi

2221 LEBHEL

TR, FATFHEAE o Jy e SCBEIEE . BIXEB 8 TRE—IHOUII R B AR (O
T 2) ., BANETG R — LA RS BRI RS0, XA Lax-Wendroff %

i j1/2(2) = %(“i,j-&-l('z) +uij(2)) + (D‘/i(z))%(“i,j-&-l(z) — u45(2)). (2-74)

2552-61), (2-70) F1 (2-74), FAMSFBEMAZH B, FHX 2 eI
Oru;j(z) = RHS(2). (2-75)
BN TBAERTXA B RS gPC-SG /7%, X T ¢PC JBIFHRINES k 1wy, BA14A:

Oruzj(2) = (RHS(2), Pi(2)) , (2-76)

J

Pi(z) o k BrER 2, () AL RN BT RHS(2) RFELMEHE ZRR0E0, AT
EEBUER > (RIErB) ST (2-76) B4

(RHS(2), Pi(2)) = > RHS(2m) Pe(2m)wim, (2-77)

m=0
M OREIBIN AL 20, w; AETATR B ORI . TX R 8 B A e 28 p 2
wr,
-é%u@%ﬁC@%u%@—éwﬁHVﬁﬁﬁéﬁwmoE%,R%%ﬁ%ﬂvm,ﬁ
RS FR. HT IR
o XTEA 0, 5,m, M ufi(zm) F1(2-70) K (2-74) 153] RHS(2,,)
o BURATEA 6, k. R (2-77). (AR s A R A L

4 HTXRITEL (2°5), WLUG HHBLER-8) s UP(2) Bl UP(2) + 5:(2)Ax/2, FHEIE L
PRI R

2.3 HEHIF
TEARTTH, A PG T— L850 SL 0 R R on FRA T8 HE RO 7 V4 A 1 REFF A A LA (RS 1 o
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W% ROE A A 0 38 55 ok sl R A8 3 B o ik LB RFHEFER T

2.3.1 fl—: FEHEEVEERMHIRERAE
AT A E ]

x

u(z,0) = ug(x), x €R,

{ut + [(c(m, z)u] =0, t>0,z€R, (2.78)

=

c(x,z) =03z + {c =0 R <0, (2-79)
ct >0, W >0,
Hrp 2 2 -1 1] B (FEilk gPC RIFRYERZZ AR EEEL T . JATREE
WA & 2 M — M Rsh, (153 (5 +0.32) > 0 £ z € [-1,1] Bkor.
FERXA 7, FATHIE A

uo(x) = cos(0.257x), 1E [—1,3], (2-80)
FEALT x =0, FEFEAFN:
U(O+,t, Z) = p(Z)’U/(O_,t?Z), (2781)
Hrp
c” +0.3z
plz) = ct +0.327 (2-82)
SRR
TR LR ] ) 8 A P AR B ot g ol P 6 25 SR SR AR R RRALE T 25Kk A5 (2]
ug(z — (¢t +0.32)t), x> (¢t +0.32)t,
u(z,t,z) = p(2)uo(p(z)[x — (¢t +0.32)t]), 0<z<(ct+0.32)t, (2-83)
ug(z — (¢™ +0.32)t), x < 0.

FETHERYBITH, FATE ¢ =1, ¢f =2, FANZ T =1, fLH (2-3) 1 (2-4) B2 A
MR %,
X R, AT ST EE

Ei(t") := Elu(z;, 1", 2)] = /“(xlvt"?Z)P(Z) dz = Ul),
57

V;(t") :=E[(u — E(u))?] =

RARAEEM R ZE R 0 JEECRIA .
F2-187R0 = =2 B, WAF (2-83) ££ = = 0 AT R [12-2 1 2 AR I B E AT
Zo ERXFEILT ., W LATUARHE gPC-SG JikRYIESIR1E -
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LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

o4 — u(1,2,2)

0.9 A

0.8 A

u(l, 2,2)

0.7 A

0.6 A

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
z

B2-1fl—: BXM 283 At=1Fz=24%%F 2z Hk.

Fig 2-1 Example 1. The analytic solution (2-83) at ¢t =1 and z = 2 is a discontinuous function of z.

1.0 A
—— Expectation
—— Variance
0.8 A
0.6
0.4 4
0.2 1
0.0 A
-2 -1 0 1 2 3
X

B 226 —: 2AMYMLEG L,

Fig 2-2 Example 1. The expectation and variance of the analytic solution.



W % R Ae R R 32 5 ik 5 B ALY S ik EHEZBRFFEFEASL

2.3.1.1 —WESER

. FEA/NTIH, BATREE L gPC-SG A REUES R [F2-3 R fif] Az = 0.001, At =
7Az. gPC-SG MiE K = 20 MRUEMF S RACRITIIZ ST 2 L. Jr22miRze 2 i i
BRI HER S o o T FA PR A 1 B i O FL AT it .

BTk, BATX gPC-SG BTSN L. FAWERTAITEHIEE Az = 0.005 fl At = SAz,
F2-4RIR ¢ REMXTT ePC A K g3 ARith. 2 K = 4 i, BEAZREIARZER R
%o

1.0

O Expectation of the new gPC method O Variance of the new gPC method

—— Analytic expectation —— Analytic variance
0.20 4

0.8

0.15 4

0.10
0.05 - V

0.00 4

0.6 -

0.4

0.2 A

0.0 -

s _ . 1 .
B 2-3 5] —: —Mh XA M LS BT Mk, Az =0.001, At = ZAm, ¢PC M4k K = 20,
Fig 2-3 Example 1. The analytic solution com%ared with the new gPC-SG method using first order finite
difference approximation with Az = 0.001, At = ZAI7 gPC order K = 20.

SR, fEE2-4rh, BT ARZESIRE HESMA QKT gPC-SG JIERRE) . IXFHRME
Kok gPC JIEMIRSEE . 8 T Kk gPC-SG RUYCsrt, FATEE Az A0 At, FIfEN K = 30 Y
HREAZ M, R K AR SZ2EMNERN. HAEET K =2,3,...,20 f1 K = 30 Z i
01 RFE, SRR . IR AT LOER £ gPC-SG U7 5 R AREUEUY .

2.3.1.2 —HrESMEIT

XEFBrAR A, FAVH ST s R R B . E2-6 T BoR A FE RSB E AT 2
MR R R SERELT . R TTE4E v = 2 LAYl

F2-THIE2-8 /R T gPC-SG JrikAyliess, Ml O BMSUR AR Z . H E2-TH]
24, FRATATLAAE 2 —Firks U BP0 578 (B2 E2-8HP B R gPC ULSI R AN —
TR KRIFEATEE, RO EA TR SER BT B RO RG24 RO B AR TE
BOR, IMDCHHE R . Aoy E B EGL TR G (L2 IERAOERD . RS —Hrs U
RS HURRDOC TR PE AR AT HBR S, X2 R IS R ) E B AR, A i e e S LA E
—BTE B . SRTTIX A EIRAE IS AU — B, R0 [ Bk 69 1R 22, A4 =5 ) B
RE. WITHRE2-65K2-3, E2-T5E2-4, BRI EMLT B



LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

0.045 A

—— Expectation error
—#— Variance error

0.040

0.035 A

0.030 A

error

0.025 A

0.020 A

0.015 A

0.010 A

4 8 12 16 20
gPC order

1
B 2-4 bl —: —HEHAEX L RES gPC B % &, Az =0.005, At = ZAz.

1
Fig 24 Example 1. The first order finite difference approximation with Az = 0.005, At = gAx: the ¢! error
versus the gPC order.

10—1 o

1073 |

10—5 4

1077 1

10—9 4

error

10—11 4

10713

—8— Expectation error
-15 | .
10 —#+— Variance error

101
gPC order

. 1
B 2-5 #l—: —HA& X8y gPC-SG F kg £5 gPC Hr&sgst &k 2, Az =0.005, At = gAxc

1
Fig 2-5 Example 1. The first order finite difference approximation Az = 0.005, At = gA:c: the gPC error versus
the gPC order by a log-log plot (with other numerical parameters fixed).
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1.0 A

0.8

0.6

0.4 4

0.21

0.0 A

—— Analytic expectation
O Expectation of the new gPC method

0.25

0.20 4

0.15 1

0.10 1

0.05 4

0.00 1

—— Analytic variance
O Variance of the new gPC method

B 26 Hl—: ZX 50N EH gPC-SG FE AL, Ar=0.001, At= 1Az, gPC-SG 8B K = 20.
Fig 2-6 Example 1. The analytic solution compared with the new gPC-SG method using the second order finite
difference approximation with Az = 0.001, At = iAm, gPC order K = 20.

0.035 +

0.030 ~

0.025 A

0.020 ~

error

0.015 +

0.010 A

0.005 A

—8— Expectation error
—&— Variance error

4 8 12
gPC order

B 27l —: ZH#X 0 EEL gPC Bkt £ %4, Az =0.005, At= %Axo

Fig 2-7 Example 1. The second order finite difference approximation Az = 0.005, At = %Ax: the ¢* error versus
the gPC order.



EHEBREFFEFEASL # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

error

—@— Expectation error
10~% { —*— Variance error

10!
gPC order

A 28 #l—: —MAaEX (' #EL gPC Hsegst £ %, Ax =0.005, At = 1Aﬂco

5

1
Fig 2-8 Example 1. The second order finite difference approximation Az = 0.005, At = gAx: the gPC error

versus the gPC order by a log-log plot (with other numerical parameters fixed).

2.3.2 BIZ: wHEKEIEEEOX HERAE
FRR G X468 7 1
ug +vu, — Vyu, =0, t>0, z,v€R,

HABEEAAn T
Vi(z,y) = Vo(z) + 0.1zz,

z 4 (-1,1) BRI,

0.2, x <0,
Vo(x) =
0, z > 0.

(2-84)

(2-85)

(2-86)

X5 E IR AR . PN TC AR 25X A ) Y S R B o it LA, FRA7 1448 Bie %% (stochas-
tic collocation method) {ENZHff. (ERCATEH, FEX W REHLAS AL {2 hicicn HUBIHBURER
B RO, FAE TR R BRI (2-2)0 N TRADEER 2, TR TEMEH
FA KA stk 1 [RIWTAF R 2 7R 5 R e B~ iEAs 2o S80S, 7T LU (2-3) F1 (2-4) (@i 4K
HFRD IR HEERIT 2o AELVTRBIFR, TRATER {zhic<ion B0 M B #REES TR, FE6E

P R B A ARFH I BB T 22
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W B RUB AR A A 60 4035 5 9 M MG 3 7 % EHTARFHEFERL

AT gPC-SG I EBATREE [1, Vo(2)Py(2) Pi(2)p(2) dz 2,

j+1 P
1 N ED T
/ V(PP d = 4 Vi ), — (2-87)
4’ k=j—1.
VA2 1

XA E]— D XIFRAY =X F A
M7 UL RN S-SR AR R A S FRAT T RS A -

sin[27(0.25 — (2% +v?))], z? 4+ v? < 0.25,
u(x,v,0) = { 2 ( ) (2-88)

0, Fift.

HIACHE (M = 20 FER) FIEATHY K = 4 Br il gPC-SG BB S 7 2 N E2-9F7R. 5

B 2-9 = i (2-88), WLk (£) 554 gPC-SG Fik () #3692,
Fig 2-9 Example 2 with initial data (2-88). Expectation of the solution. Left: the collocation method with 20
sample points. Right: the new gPC-SG method with gPC order K = 4.

IRVME AL, Hl TR AR, RS2 R o TIXFpar St KK I gPC-SG J7
A S .
2.3.2.1 —WESIEIL
TEXM T, RATE RERIE
1, x>0,v<0,2%2+02 <1,

, x<0,0>02%+02 <1, (2-89)
0,  Hfb.
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LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

p 4

15 -1.0 -0.5 0.0 05 1.0 15 -1.0 -05 0.0 0.5 1.0

A 2-10 #] =89 T M A, WA (2-89). RXAFHM (£), BMam (F), Az = Av=0.015, At=0.001.
Fig 2-10 The deterministic case of Example 2 with initial data (2-89). Left: analytic solution of the deterministic
problem with z = 0 and ¢t = 1. Right: numerical solution using the first order Hamiltonian preserving scheme
with Az = Av = 0.015, At = 0.001.

ER, BT YR EBIRAS A A RSN NN SEF R A AT 2. o PINBE TR (2] thil
L, I ELRT PSR (6 AR AR 2 7 iR 05 A0 il . BTE e el X i T [2] R fsE vt
AP E2-10, EFE B BEAEUERE ((EH—Brdie) , HFEE 2 = 0.

SRE NS ML REETHERIM (M = 20 PR ) (B2-11R12-12/) #THAR. F2-11/12-1247
BoREATNH gPC-SG JiikufE, Hrr gPC \igt K = 10, XEMIFR/NE Az = Av = 0.03,
PG At = 0.002. ATLAERIREHLUT RN Y 2 = 0 fBEMNIF Iz R ER, If
HX R UK AT 28 B R BEVUT AR, R EX »« AT 7
By (HETPE), Amifs] 7Nt (20 [60-61]) o RTITERIFH, FATHHH &
gPC-SG TR TR R BIR 2 o BoRIEZAETR KLY 20 S HETERCAR B SAS . OB T
20 MEEARD: SR, FRATAHTHETHL gPC-SG, Bl K =10 (RIF3 2100 TR AL 20 MREA Y
fi#) . FEBRRZY 10 fEHfsE PE AR Ao

FEEI2-13, FATHE 2 HL gPC-SG J7ikRy €' RERE ¢PC il K HIMMEL KRR, s
TS R

2322 THrESKEA

XX T B 2 A s, B AIRTTE — I A SR 2 E050E -

5, R, FRAE2- 149 H i BRI 2 = 0 Iy R SUE AR .
B IR TS PRRII AR LB, WIR2-10M1E2-15) o (H2 B T2 v J57 IR 3AT
A2 Lax-Wendroff #%34, Br LXK BAT— LU H IR -

TR TR HE S RGE B gPC-SG JiiET R 57 %, WE2-15/12-16: Wl LIA
B THMERBA A LR, AENREAAERE T PR A R XX TR RI(ETE
AT B AL gPC-SG Jyik G HIL BRI 28, ROAETHE (RHS(2)) BHERATA TS RUTE R Y

o7



W % R Ae R R 32 5 ik 5 B ALY S ik

’ -1.5 -1.0 -0.5 0.0 0.5 1.0

B 2-11 4] =—: An{i % (2-89), i — M- Z 5 K 1F 2 092, B b0k (£) 5 B # gPC-SG 7% (&), Az = Av = 0.03,

At = 0.002,
Fig 2-11 Example 2 with initial data (2-89) by the first order finite difference approximation with Az = Av = 0.03

and At = 0.002. The expectation of the solution. Left: the collocation method with M = 20 samples points.
Right: the new gPC-SG method using first order finite difference approximation.

1.0

-1.0 -0.5 0.0 0.5

B 2-12 )| —: il % (2-89), H—Mr Z 9 #& XAF 2697 2, Beb0k (£) 5 E# gPC-SG 7% (&), Az = Av = 0.03,
At = 0.002,

Fig 2-12 Example 2 with initial data (2-89) by the first order finite difference approximation with Az = Av = 0.03
and At = 0.002. The variance of the solution. Left: the collocation method. Right: the new gPC-SG method.
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—@— Expectation error

0.0010 —#*— Variance error 1074
-6 |
0.0008 - 10
10-8 4
5 0.0006 5
= =
[ @ q1p-10
0.0004
10-12
0.0002
10714 { —e— Expectation error
0.0000 A —#— Variance error
3 a 5 6 7 8 9 3x10° 4% 100 6x10° 10!
gPC order gPC order

B 2-13 f5) =: WL (2-89), —M-H#k gPC-SC 7k 01 L £M%E gPC sk K ¥ T EE (£) BaH#AE
(%)

Fig 2-13 Example 2 with initial data (2-89). Convergence of the new gPC-SG method using the first order finite
difference approximation. Left: the ¢ error versus gPC order. Right: the gPC error versus the gPC order by a

log-log plot (with other numerical parameters fixed).

15 -1.0 -0.5 0.0 05 1.0

A 2-14 Hl=: fhAh (2-89) MM A. ZBAARXBHAM (2 =0, t = 1) ; HFEH N X 0 R,
Az = Av =0.015, At =0.001,

Fig 2-14 The deterministic case of Example 2 with initial data (2-89). Left: analytic solution of the deterministic
problem with z = 0 and ¢ = 1. Right: numerical solution using the second order Hamiltonian preserving scheme

with Az = Av = 0.015, At = 0.001
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B 5 RB A A RN 60 HiE S5 005 MAR 6 3 o ok bR WL AR

B 2-15 ) =: A{aA2-89), —HrBHEe ke, M2 (L) 5 £ (&), Az =Av=0.03, At=0.002,
Fig 2-15 Example 2 with initial data (2-89) by the second order finite difference approximation with Az = Av =
0.03, At = 0.002. Reference solution by the collocation method with 20 sample points at t = 1. Left: expectation.

Right: variance.

15 -1.0 -05 0.0 05 1.0

B 2-16 #) =: #4442-89), —Hr- &4k gPC-SG 99 %, M2 (£) =5 £ (&), Az =Av=0.03, At =0.002,
Fig 2-16 Example 2 with initial data (2-89) by the second order finite difference approximation with Az = Av =
0.03, At = 0.002. Solution at ¢t = 1 computed by the new gPC-SG method. Left: expectation. Right: variance.



LB RF W EFAR T # =% gPC-SG ik /& A 17 b B AL & B9 iy A 7 2 P 89 5 )

0.0224 % —8— Expectation error 10-2 I —8— Expectation error
—#*— Variance error \ —#*— Variance error
0.020 - k
0.018 -
-
o
=
@ 0.016 -
0.014 - -\
0.012 - g - ® ® ®
3 4 5 6 7 8 9 3x10° 4x10° 6 x 10° 100
gPC order gPC order

B 2-17 #5) =: 4L (2-89), =M Bk gPC-SC Fikmlksiht, 0 £ £5 gPC MM 242 E (L) Foda a5
B (&)

Fig 2-17 Example 2 with initial data (2-89). Convergence of the new gPC-SG method using second order finite
difference approximation. Left: the ¢! error versus the gPC order. Right: the gPC error versus the gPC order

by a log-log plot (with other numerical parameters fixed).

FE A

/D\AE\O

B, FAPRIMILE L gPC-SG JiERSLER . HIEREMIESE: Ar = Av =0.03, At =
0.02, t=1c M 20 IRIMEHTBRITENEL (2-76) FHEFE ePC Bl K = 10 AZH KA K
M3 HEIIE] 10 FHRZE A E2-170] LUE H R s 45

24 AEZESREE

TEARTEH, FRATGE 1 A RIS BEVL AR B R T R BUE RS . 0 T e IR ARG =7 S
I gPC-SG JTiEUSH RIS R A8, AR T gPC-SG J7i%, T B ffH A By
ROIENME, BEmTecE gPC-SG 5 BRI SRJE o XX 5 FE IR A 13- AT T S i iR 25 1
G A T UR BT B AR, AT TR R85 X4 /R 7 R T 7 R R BB S5

XFAIEN . WA SR8, gPC-SG J7ikiIn A SAA IR % [niis A ik IRE
H gPC-SG A E R g it . AEZetth: (08 _EAIRAEAE—E IRME,  [R]B a0z s ik B )32 1Y
[ BEA T oA TR BRI Y . SNSRI R T IR —

31 —
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=T gPC-SG HizaAETHBEIIMARZRENKERMEZAES

A4 Rz F
BAH R —4E VAR Y Zetth iz T R -
cOf + 00, f = gﬁf —e0f+eS,  o(2,2) > Omim > 0, (3-1)
Lf(ta,0,2) = % 11 Fltz,0 ) dv' — f(t, 0, 2). (3-2)

R FE SRR T () A RA R CGn—2 %) 8. RN, fland
THENZITRE MRS RS . B f(t oz, v, 2) FRRALE € > 0 INZ], E @ e (0,1), M
v="0-¢, =cos € [—1,1] NEENMREL XE 0 2R FRIET S o Sk M. o(x,2), 0%z, 2)
SRS S RIS 43 PO Rl P R g T s S (, 2) ARGRIRIN; e RTCHAE I w4740 (Knudsen
number) , FRKFFEH BHAES RENRHERE A GXEZ RB X EHE) .« FATHFEM T
KR TE B I R4 (T BFim A Ik 1) -

f(t,0,v,2) = fu(t,v, 2), forv >0,

(3-3)
f(t,l,'U,Z):fR(t,U,Z), fOI"USO,

WHESNE
f|t:o(x,v,z) = fo(x,v,z). (374)

XA TR BGRR[0 YR, EERVMEEE LRSI A
—EW R 2 (Uncertainty), JXFNEEERA T REAMEL? HAR AT E R A THBER
W RN w(z) BIBENLAS B 2 € RY SRZIHE . ArLAERNIREIF £, o o F1 S AT 2 1Yo

W JUAESR, T A AN & PR I s o9 77 4 TR — SE A 7 1 TR R o 58 23 0 5 | e 717 %
B Z M TR A S ER, 18I TRZISERE . R ER I LERRR, RAE
BURSGIA) 2 AT riE R 2 A0R . (Polynomial Chaos, fijifx PC, &5 H1 Wiener 5]\ [25])
HIBERTLINIL 4777 (stochastic Galerkin)o JXF7 12 DA ALV 2 M T HRIER] T Homaitt , 21 [23,62-
63], JH &M TSR R B 2t s T e [64]o B ARIXFh )@l [ N5 T AT e (FE
BUPE) A2 RBERFIRE, X2 RER S H%0 (Kundsen number) e ZJHE . {EFTEEE
FAE X (e < 1), BITRFEARSIBER, LitmsiEsET MU, ZiaX
FAMHA BARFR [65-67]c (R EBJLT4ER, Y20 TA/EEEMRR WA R (FErknr) Zit
s T RS B R R (asymptotic-preserving (AP)) #8=, U1 [68-75]. 1 B 2| &,
X RS A AN E R I AR BORE T It s TR s A s N, L [41] (FERERLINL <
(stochastic Galerkin) FYHEZER, #FRAE s-AP #%2), B2 AR TiX 7 A TAERT LA [76-78]. 3k
TIFR— A% s-AP QIRBEE ¢ — 0, ZelEdaia Ty R REMLINIL G =0 oss o i 47 Bl FR 7 2
HIRERLINIL g =, RT3 [41], HAEE BEGR BN T E R R AP HEZE 0] ARSIk sk



W % R A A R 69 4 iE 5 R ) A9 3 I 7 vk LB RFHEFER T

B AR R R e iz iR . e, FE3CR [76-77] HhEEE), kinetic e (BLIRLANEAIAE
LML) M B I AT AR AR AR REAUE A 69 E M (EAFERA TR F SRS BIBENLINIZ 5 TE
TSR

ERARTHA TAER, 5 e < LI, BERAMTHRT %A THS 2 R SOE R H T €,
RO R E BA TEREIUINT €5 R B 2 W B B e /MR, 58 X mRe
BUETTIE R & /N2 RIERB R WIS . AP A%3rh, BUEZH (R AN 2R
T e BRERT e —30 . MEMRHNIEH X RIS, (UEDENE I T AT, W [70,79]0
TR — Sl S b — RO R R A AR B AR R . BOCE [70] HRO T E PR R ) SCE (80]
HOXE T EENLR s T RERIER ] AZ B R SRA SCE [75]. (Rl X aE A REL H—
ARG SE

AN, MNT ARz IR 3-1) RIS ri%, FOPEE T #4
#RZEM T KT RN T RN [ AR RIA SIS SR M e, s
KT e —85m) il FNERZIEN [f] - f GO [f] 208 f B3P, W (3-5)) fEREL=S
AR S € — 0 If—B0A Ao IXHERATIAT LU S B T4 B IRB 21K T e — st
]

FESCHR [41] TR s-AP #EUM A 17T X e iR md o ff e AP HEZR [72] fEARE D,
FAPRAE I EET micro-macro SMERY T AR — 2B s-AP #8550 (I [74]) o XFIT LR 4
A RAEAFIRATAT LUE — 8089 (X F o) Rk, KUUTHBINFEHERR [81], FL L, AT
HRT s-AP A% CHIE A AT LA [81] FHAgIE T B 152

AENARGERUT A3 IR BT F Lt fiia 7 Ry B PR — i B i g . #E3.21,
AP BT L AT (generalized polynomial chaos, gPC) HYBEHLANTL 5 /7% (gPC-SG)
TR A BENL AR R E s R . AR ERGIENIX AR s-AP 1. £E3.31, 3K
MTPREBIBEAUINL 7% 280 ORT ) AYBRFPAEBEMLAS IR IENYE , BEMHERZ O R R T
e —EURTERISL. Rk, FE3 SN TRESS H— T micro-macro 732 B HUE AFFAES. S HIIE
IZAR A CEA 8 OCT o) RUEN. 7E3.6rh M AN N BETIRE R fa. H3.7hIK
X AEATEL,

31 BRI
TESL )
o =5 [ o (35

AR EARREL & (9°FE o N TRENMERNREILA R 2, FAE—MENIERERE ¢(v) > 0, Fl
PB4 P AT R (0] = 1, [ve(v)] =0 (FR#fE Perron-Frobenius E#, cf.[67]) o
TE ARSI L2 ((—1,1); ¢~ do) Hy N BURITEAL
(f,9)s = . fw)g(v)e™ du, 1£1I5 = (f, fo- (3-6)

Hrpzetb By £ BAm R [67):
o [Lf]=0, XTHA fe L*[-1,1]);

34—
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o L E=[E] N(L) = Span {¢ | ¢ = [¢] };
o LIEI R(L)=N(L)={f|[f]=0}
o L E75A L3((—1,1); ¢~ do) iy, AIGIE T, RIfEAE— M IERHE s (§15

<f» 'Cf>¢ < _QSmeHi’ Vf € N(‘C)La (3_7)

o L {FE—Mhi% (pseudo-inverse), it £L71, HM R(L) &) R(L) HIMLET,
Wp = [floe TR ER 2, ZEALMHNIE T BRIAY BRI [65-67]) HFiF&A], e —0
B, p WELE N T R RENLY O 2 -

Orp = 630(:‘1(2')(91[)) - Ua(z)p + 5, (378>

Hry AR BN .
k(z) = ga(z)_1 . (3-9)

Micro-macro JERFFEB/REZE 2 )5 R MHFA S 2A IR [82] RIMTIE A . A i PR = A 0 T
H [74,83-84], EAEAWMTIEA

f(t,.’,U,’U,Z) = p(taxVZ) + Eg(t,.’L',’U,Z) (3710)

Hr [g] = 00 K (3-10) F A (3-1), FRATFHEIMH A micro-macro JE:

Op+ 0y [vg] = —0%p+ S, (3-11a)
0+ 2~ (Dwdeg) = ~ g 0% — Lvinp (3-11b)
WAEIRE G SR HY HARIR (3-8). 2 e — 0, (3-11b) %5
)
9= —@ z P

WAE (3-11a) b, HIFREIBUTRE (3-8)-(3-9).

3.2 ETF#I SWMXREMEIMIIESZ (gPC-SG) EMEHEFRHMA

BORAER /AR =) H(RY w(z) d2) HACH w(z) M—HE&MIEL L TR {¢i(2),i =
0,1+, }, Hr ¢i(2) BIEN i FZ2HECHM 2

¢u ¢] /‘bz ¢j dz = 51]
X ¢o(2) =1, 0;; &5 F A5 0 (Kronecker delta) pR%L. 7EIX25 0] HE LAY P ARFIEE 70104
S RICOLN T (312

IR f(t - 0) AR L2((0,1) X (—=1,1) x RE w(z) dzdvdz) b, FATAT LE BRI (gen-
eralized Polynomial Chaos expansion, fifg gPC BJT)

f(tvxavaz):Zfi(tam?v)¢i(z)a f (fz)Z O (f fl)



W % R A A R 69 4 iE 5 R ) A9 3 I 7 vk EHEZBRFFEFEASL

R 2T LA FEIFES AL as
fzﬂﬁzéﬁMMﬁ#@ var (f) = |

BEHLINIL 45 777 (stochastic Galerkin (SG) approximation) [23,62] [ BAE 7RG FRIGEL M ik
T 55 s ;
=3 fioe M= (02 = (1A, (3-13)
meW@wﬁ%ﬁﬁmm@ﬁ%%%$
E(fu)=f,  var (fu) = [/M]° < var (f).
k2, FfiTE X
oij = (b0, 005) s = (04 ) yrp1ar410
oy = (i, 0°0;) "= (05 ) srprnrsn
H0<i,j <M, Td £ (M+1)x (M+1) LA, 3,50 AEEFREREN L [63)
Y>> omin Id .

BAWTY gPC JEIT (3-13) i ABHE T2 (3-1) H, SRJE il 4% 5 (Galerkin projection),
5] [41,64]:
eatf—l—vﬁmf:—é(l— )5f —esef— § (3-14)

Hrt S HyE LR (3-13) 2.
£ F &M micro-macro 43

ft,x,v) = p(t,x) + eg(t,x,v) (3-15)

Hip p=[f]. [g] =0, REF] (3-14) hi55]

Oup+ 0y [vg] = —2p+ S, (3-16a)
09+ (1~ [1)(00.6) = 559 — 59 — 00up, (3-16b)
B
50.2) = po(a), 9(0,,) = dol.v),
Wi

2

1 1
;/m@m+mwMWm=mw¥+;/mmmWMsa
—1 —1
B4k RS (3-16) THat LY & — 0§ HOREy:
O = 0,(K,p) — X+ S, (3-17)
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Hrfs

XHE gPC-SG Jrikie s-AP /Y, I [41].
AT LMRAEZ AT R RS (3-16) AYRERHG T

1 2 1 1
/ p(t,z)*dz + = / / §(t,z,v)*dvdx
0 2 Jo Ja

1 82 1 1
< / p(0,7)*dx + / / §(0,z,v)*dvdz.
0 2 )0 Jo
BT, AFEHA ST (3-8)-(3-9) BN T gPC-SG J5 153 :
Oup = 0,(K40,p) — X%+ S, (3-18)

/E\:E{j K, = (’ﬂ‘j)& Kij = <¢i7’i¢j>w°

3.3 gPC-SG FiATEREHL= 8] #Y IE M £ 50— BuE S o
LRI, N T TR IR o = S = 0 MBI R
f(t,o,’U,Z) = f(t,l,v,z). (3719)

HATIEAELS o(2) —ERVBILEME T, WARIIZBLIERI2 T RME — 28 (X T o) &
FROMEAERENL S IR IENE . SRFETIZIENIEREEIR . 45 gPC-SG Tkt s i 45 i
ZfiT, FFHIZREMTHEAMHT € 1Y,

3.3.1 EAPERIIMICS
G AR — 5 | NI REALAS 1 A /R R R 25 (1) 3.2,
HRY wdz) = {7 |R - R, /R Pew(z)dz < +oo b, (3-20)
TR BN S8 (3-12). 0K T 2 B k R SETH
D¥f(t,x,v,2) := 0" f(t,x,v, 2), (3-21)

M H a5 RIEEL
1F (0, )G = D 1D f(E 2, 0,)]2. (3-22)
a<lk

e, FATFINIT AR T AR 2 ) R VB R

V(e I = / 1t 0, )2 dzdo, >0, (3-23)
Q

1F (s )2 = / 1£(t 20, )5 dedv,  ¢20, (3-24)
Q

Hrp Q@ =[0,1] x [-1,1] Forrzsiale JrEE L, AL A ¢ 1 (| flle, | fllee Fom Lk



W% ROE A A 0 38 55 ok sl R A8 3 B o ik LG RF R FAER L

3.3.2 BB (8189 IE M 14
RTWEE f R TR & 2 IIERME, EAFRNIGHW TS R, Tiks L HuEH
HIBGEYT R —4EIENL, X T EgeE e 2 — R, U9 2B A AN

513 3.1. B 0(2) > Omin >0, HFEBEEK Lk oo e Wh™, g H" RNA

k

Omin
—(D*(eg), D*g) < —==IID"gIIZ + ( max || D7al|7~)llgl - - (3-25)

20 min 0<5<k

WERR. [AH

k—

._.

k
D*og) =) G) (D* o) (D’g) = oD"g + < ) (D*9g)(Dg), (3-26)
j=0 7=0
FTH
k—1
k k k k k k— k
—(D*(0g), D*g), = —(0D"g, D*g < (J) (D¥Ig)(D7g), D >
k jf ’ (3-27)
<~ D¥gl2 - (’“) (Do) (D), D) .
j= ] “
HHE Young A%, (Young’s inequality)
k—1 '
~ ()D o)(D'g), D’fg>w§”“;“||Dkg||i
= (3-28)

H

2

)
w

k—
(D*~15)(D?g)
20m1n i—0

Al

FRPEAEEL, (Cauchy-Schwarz inequality)

HZ@ o (Z< ) ’lD’“"jallim)(jZ_‘;||ngr|i)
{X:( )2}&?% 1D o ([ llgllZe-r (3-29)

<4 (m [ D7l ) gl

4 (3-27), (3-28) Al (3-29), 4%

k

Omin
~(D"(o ). D"9) < ~TERID g2 + 5o — (max | Dol lglper . (330

20 min 0<5<k

HEEE, 0O

BUETRATAT AZS R IE 2%
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EE 3.2 (—EIEMNTM™). Bk
0(z) > omin > 0.

Jo b T m >0,
D o (2)||e < Cy,  |ID¥follr < Co,  k=0,...,m, (3-31)
WIEFAE (9-1)-(3-2) 898 f, £ 0% =S =0 FEAMAREM (3-19) T, #HL
ID*fllr < C, k=0,---,m, vt > 0, (3-32)
HEd Cy, Cy Ao C ATAKH € 897 HKo
WERA. [0 0% =8 =0, WA EJHE (3-1) KT 2 [0 k(0 <k <m) HIECH
20,(D" ) + evd, (D" f) = D*(a(2)([f] = 1)), (3-33)

Horp [ R FAEAF, WL (3-5). JifE (3-33) ML DV f 9F7E Q = [0,1] x [-1,1] LB, 15
#

2
TP +2 [ oD4s, 0,04 1) dw

(3-34)
==A;DW0@XUk—fDJﬁfhdx®u
SR
5/ v(D*f,0,(D* f)),, dedv = = / 00, (D* f)*wdzdxdv = 0, (3-35)
Q 2 QxR4
HERGXEHZE T B RN (3-19). HEE
/2<1>k(a<z>@f]——fv),[z>kf]>w<trd@ 0, (3-36)
ghe (3-34) m LU
FOUDAIE = [ (D11 = 1), D) = e (337

REEMTT: FATEXT & AECAAGEE I N REEA T, W TAERIEEE k> 0, 714 k B

Chj >0’ ]:O7vk_1 {éﬁgf

- -f k=0,

S0,(ID"FIE+ el D 1) < (3-38)
" ow| DA - DA B2 1

_zarrlin

Yk 0, (3-37)
36Mfﬁ~——21;awxu1—f»Qﬂ—aﬂndxdv

< *2(7min|‘[f] - fHIQ“a

(3-39)



W% ROE A A 0 38 55 ok sl R A8 3 B o ik LG RF R FAER L

L (3-38), HANBIELAA .
BB TR kE<p, peN, (3-38) L. FRRLEAFAINEEGE]

20,5111 +Z DA+ S S eull DI ) < —ownlllf) = £11% (3-40)
i=1 j7=0
BT )
526ﬁ(zc;+1,j”Djf”%> < _O'minH[f] - f”i‘p ) (3*41)
§=0
s
1 p
5 + Z: Ci05 J=0,
Cpr1g = )1+ i Cijs 1<j<p-1, (3-42)
i=1
1, Jj=n

Bhk=p+1H, 3-37) N
20,|| D" f|I7 = —2/Q<D”“(U(Z)([f] =), D" H(f] = e dzdv. (3-43)
FESIE3.1H % g = DPHY([f] = f) IRABIK [ DFo ()|~ < Co, FEASA AT

RHS < — 0y / D7 1(1f] = )|, de dv

.
+0min(0<1§1<ax+ |1D7o||7 ) /H — f|3,, dzdo (3-44)
< ol DI+ E i),
e €1,y = (p+ D)4+, BIEERT LA S
0IDP 1 < o |74 DS+ (5] A, (3-15)
¥ (3-41) LA C2CL,, [0y, KIS (3-45) A,
&20,(I1D"* f1If + zgcpﬂ,jnmfn%) < —owin |71 = D7 (3-46)
e
ol
Cptlj = Ci:f):lcéﬂ,y (3-47)

XU (3-38) XTF k= p+ 1 8RS, MIEECEAgNE . (3-38) XATATEE k € N 7.
fa, M (3-38), KATH

k—
a(IDFIR+> e IDfIR) <0, ey >0, ke N, (3-48)

Jj=0

40 —
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fEH

k—1
IDFIIE < IDMFIR + D enl1D £

=0

k—1

< ID*foll? + D ens | D7 foll

§C§(1+

X C BT e, L,

Jj=0

(3-49)

O

32U IR T » 9 FET DRI ERE R R, [|D* flle B R A48 Te!l IXAEIEMR R
s-AP R R (L2 UEXMETHR AR IR IR gPC-SG JiARRT ¢ —Zmyiist (W
NSRRI REUR O(1/€%), FrUABAMTE—DRT [f] - f FSER O(e®) T RARHIX

PERED . TN TREGH—15(H.
51 3.3. B FEANEH m >0,
| D* (. fo)|Ir < C,

ALK A T 4R

| D .), D] = v < 50N (] - D+

WERR. EICTERE O.f M1 f W FERTRE,

k::

0,..

.,m, t > 0.

528t<amf) + Evam(amf) = U(Z)([@Tf] - arf)

LA H . 215K (3-50),
|1D*(8..f)

C 5 e LK. R Young N4,

Ir <C,

t>0,

/Q e WDH(D, f), DM([f] - ) dardv

Omin
< 7o DA (] -

< Zmin) pR((f] -

4

IN

4
Cl - 02 j“j’ll%%%ﬁy iJ__EEIE—:{o

IAEFRATRAE B A S E B

Tmin | Dk ((£] -

£+
PR+~

DI+

62

min

62

min

0162

Omin

[vD" (0. )II?

ID*(0: )17

)

C162

min

(3-50)

(3-51)

(3-52)

(3-53)

(3-54)
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EIE 3.4 (c’-estimate on [f] — f). £ ZH3.2F5| 3. 3F 69 T AR T, T FLZutE T >0,

A F [f] — f 09 B0 M2 R

ID*([f] = DIIE
< et 2 DA(fo] — fo)f + C'€?
< Ce?,

MiEZEte (0,T] #n0<k<m, k¥ C' 5 C 25 ¢ £*8% Ko

IERA. ESETEEE [f] e
€20, [f] + 0. [vf] =0,

FrLA [f] = f W an i
20U1f) - 1)+ 20u([vf] — vf) = —o(2)([f] — 1).
WA EE3. 2000, K% T FExt 2z 5kS k k. SRAETLL DR([f] - f). £ Q LB4, 155
2o DM - DI = 2 /Q E(D* (0, [0f) - v0. ), DM(f] - f)) dardo

=2 [ (Do)~ D). DH(1S) ~ P dad
Q
=1+ 11.

HER
/Q (DM (D, [vf)), DM(If] — 1)) dadv =0,

FI513E3.3, HEH

I< 22D - PIIF +

X R RS 8.1,

1< ~unll D01 - D+ S5 - 1]
IXFEAREAN T
20| DM - D < - T2 A - D)+ 2
+ S g
2 FORBAWHAE HECEIAGNE, B k=0 | (3-62)

o111~ 1 < =22 i) - A2 + 205
H Gronwall A2 (Gronwall’s inequality) |

1171 = £l < e | fa] = foll;. + fﬁ

< Cpe?,  fort >0, -

(3-55)

(3-56)

(3-57)

(3-58)

(3-59)

(3-60)

(3-61)

(3-62)

(3-63)

(3-64)
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W2 (3-55), BERERLST .
A TR, k<p HftpeN, (3-55) &z, HRE

H[f] - f||12“p(t) < Cp52' (3-65)
FFLAY k= p+ 1 IH (3-62),
2 min 1 2 2Cl 2
20| D (1) = Dlle = = =3P 1) = Dlle+ 7
0201 e (3*66)
+ L2
Omin
R
oD (1) = £)llp < =T D (A = P+ Cpa: (3-67)

EFER), FH Gronwall A~ZX 753
HDp+1(m _ f)Hi < e—amint/ngDpH([fO] _ fO)Hi + C]/D/Hez
< Cp+1€2, for t > 0,
Cp1 AR € BYFE RIFFIRNTE, RS, O

iE 5. LLEMSIBAE AR 2 € R IFH o RIS 2 IS TIENR. H2, ROIWEHEH
BRFARR TIXLEF AL X T 2 € RY, ) REEMTIN T o(v, 2) WAKHT o MFEL, R
i S RE IR 3. 2 IE T R (R AU BAKAE 24 5 | 33 B IE T T AT

(3-68)

3.3.3 —ERIIEULER
A f BRI TR (3-1)-(3-2) WME, RATENL M i1

M
Puf =D _(fr0i)wbi.

i=0
gPC-SG T AR Z A LA AW vy #l en s
f=Im=f=Puf+Puf—fu:=ru+eum, (3-69)
Hery = f—Puf 2EWRE, e =Puf — fu @ IRE.
XTTEMWTRE rar, FATALATE(HE
513 3.5. A3 2R EIAYABAT, ENA e (0,T] FrEZEHE=0,...,m,

C
Irarlle < ﬁlk (3-70)

H#—F e ERNA,
Cs

Wé—y (3*71)

] = | <

R C o Oy TMRHBT €0
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W B RUB AR A A 60 4035 5 9 M MG 3 7 % EHTARFHEFERL

IERR. MR FAR 2 WA R E I EES.2, AT 0<t<T,
lralle <CM~* [D*f |p < —

Hrpr C 57T M
HHFIMTTE, REEES.4,

| rar) = raclle = || (1] = ) = ((Pacf] — P )|
< OM™ ID*([f] = f) Ir

.
B FRIATEN I ear, HTEAEI, FATEAIERE fur WL
20 fa + €00, fur = Pa{o()([fur] — )}
i, I E R U TRA M Y, Rl 18
20 (P f) + ev0:(Parf) = Par{o(2)([f] - 1)}
(3-75) Wid: (3-74) 182
o + evdpers = Par{ o 1f] = £ = (far] = far)}}
= Par{o(){ 1] = £ = (Pacf) = Parf)
+ (Pt ) = Pacf) = (far) = far)}}
= Pu{o(=)([rul = rar) | + Par{ (=) ([ent] — enr) }.
IR TR IS IR ear AN FRI

Bl 3.6. fe I8 RIS FARILT, BMNA t € (0,T] FAEFEH k=0,...

C(T)
Mk’

leslle <
C(T) 5 e RFZHF .
IERA. AMER S 2 i EAME eI H en 6 (3-76) I14E Q R, HEE
/Q (Par{o()(Iras) = rar) }. lear))o dadv = 0,
/Q (Par{(=) (fexr] — enr) }. ear)) dado = O,
CZNEEEXE]
odenlt =~ [ Pa{ole)(lew] - en)few] — ea o

- /Q2<PM{J(Z)( [rar] = TM)}7 lenr] — enr)w da du.
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(3-73)

(3-74)

(3-75)

(3-76)

(3-77)

(3-78)

(3-79)

(3-80)
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FEREAR Py 2D AL AT
<PMf7 g>w = <f7 PMg>w7

LI
Prrear = e,
AT A
20, len]2 = — / (0(2)([enr] — ear), [ent] — enr)o dedo
Q
- / <U(Z)( [ra]) — T’M)7 [ear] — enr)w dzdo
Q
< = omin| leas] = entllf + 752 lea] — entlI?
(3-81)
C, )
+3 — | [rac] = raslf
min Ca C/ 2
T R )
C’ 2
< (3%)
Ho TGRS, UG T Young A% HI3IHE3.5. SExt ¢ BUMEE]
2 0 2 C(T) 2
learlit < lletslip + (S7) (3-82)

BEH ey = Pufo— 3 =0, iEEE. O
B BABRIA T BRI SUE L -
EE 3.7 (KFe M—BULED). mik
0(2) > Omin > 0.

Jo Rt FEAEH m >0,

lo@llm < Cor ID*folle < Cor [ID*@cfo)lle < Coy k=0,..cm,  (3-83)
AL HN gPC-SG Fr ik 69i% £
1f  fulle < S0, (3-84)
C(T) 25 ¢ REMFE K.
WEBA. H513E3.5H151383.6,
1£ = Furlle < racle + llearle < S,
JIEEE, O

E 6. BESTH T DRT e —EIIRRSER, RO M LT e, IXR N RE R
[ s-AP YRRt FEA T PEBAT IO, B o AT v, MIERIRIGTHREE M > e fPsndEE (21
B [77]) o FERXFEOT . s-AP ARIEBA RS 2L . HF Hal i w22 I T BN R fe. AEiiE
PERBOLRITEOL N Z L [70], FERETETOLRITEOL N Z I [80].
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3.4 EBEER

WEAE [41] e Y, EEEH gPC-SG J7ik, FRATEAR 2156 TR AR BB & M s 77 FE Y )
AU . X fHAS RENE N FH AT TR E M R BTG I AP A% =0 ZEART Y, FROTEXS gPC-SG £
g8 (3-16) MAIESCE [74] HR Y AP A%,

etttz A AR BRI B AP Ml — B R AR, X BRI X
ANMET. AHK TAER A% 57 Jin fl Levermore [ 5] T./F [85] LAK Lemou F1 Méhats [l
[ LAE [86], ABATTRT AP PE FRAIH L B AR A A BB AL I T A MR 5T

BATRHE S WG 2 = ih,i = 0,1,--- N, HHp h = 1/N ZMEg KN, BETTH " = nAt, pf
iE p ARG R (2, t") HIRTAUME. g;fg W5 LAEATEERE L i1y = (1 4+ 1/2)h, i =0,---N —1 k.

gPC-SG A% (3-11) [4 B #us N

nt+l _ ~n ng»ll — gn+11
Pi P it3 =3 a an+1 &
_ — 2| =39 S5, 3-85
A7 + |v Ar PPt ( a)
~n+1 ~n
gi+% _gl_i,_% 1 4 /an ~n —/an Am
e =) (0@ — ) @y — ) (3-85b)
R e asnt1 L Pl — 7
Qe Sk Sl L v
Y e — 0 IR MRA 15 H HIE By kiR,
~n+1 ~n N N N
P TP Piv1 — 2p7 + iy a ~nt1 &
- K = —2¢p" S;, 386
At sz 7 pl + ( )

Hef K = 2870, TR (3-17) HAmilichat. UL, Bl [41] PROE, BHUE SAP .
FATELERE (g7, )| = 0 MTEEA n, RTINS R B

3.5 —EHREMH

AP & — D EHEEE U B A M T e BB MM BRI e R/, i EABL At > O(e),
FEARTTR, FATGUE _FIRZE R, IERHFA B3 S (81) Ak B e e n) iy RS U 7o

N TULBHTERE, fEATTR, FRAUBIK 0 =S =0, R TFEMR FELERZLUT ERE:
EE 3.8. 92

Oij = (0, 00)w, L= 1(045), 22> 0mn ld.
4o At #H R4 T8y CFL &4+
At < %AI’Q + %Aaz, (3-87)
AR 4A&EN (3-85) T84 p" F= " W RAEEAE I
N 2 — TR VRN
Aw; ((p?) +2/_1 (glﬂ%) dv) < Aw; ((pi) +2/_1 (QH%) dv)

A N REL, HAERX (5-85) RAEZH,
7. RO (3-87) BYA Y € — 0 BHA MR (A PRSI B HUE MY 807/ (3-86) 1952
EMEEA), ArLg R i E it H At BIEE e — 0 BHMBRAT LLEERRAY .
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3.5.1 —iigSFfNIEK5|E
AV — 2 E R BN IE S ST ENMERS S EA S A BRE u= ()it

N-—1
lpel)? = Ax >l (3-88)
1=0

RETEAMEBIR IR AR v € [-1,1] = d(v) = (¢ (0)i5" E X

N-1

el = A > [42,]. (3-89)

=0

R ¢ ¢ BRI T B R R AL, AT TR A BRUE SCIN T -

N—-1
@, 6) = Az bty (3-90)
=0
TN I SAER R (3-85) T AIBIROATRZED SIF o« MTAAHSEE & = (6 3 )icn, 2L
WS T

_ Pipy —Pi-t N Piys — iyl
D ¢y =" and DPgy =2 (3-91)
AR DAL T
¢ o8 2= ¢i—% b = ¢i—% _
Dpiyy = =252 and D¢ = = (=D i), (3-92)

BER TR AT = (i)iez, SR IHUGE T

Miv1 — [
T . 3-93
M2+§ Al’ ( )

FAVCHRH S HARRL: T 6= (¢ )" ¥ = (Wi )iles Ml = ()5 A (W [81])
Az

(vID™ +v™DT) ¢py1 =vD; 1 — 7|v|D‘D+q§i+%; (3-94)
2 4
ArY (D0uy) < 500 ) (3-95)
€L i
1
[{(v*D* + 07 D7) ¥, ¢)] < alllll* + - lllo[ D9, va > 0; (3-96)
Ary wD’¢ = —ArYy (niyy)diss; (3-97)
€L i€
ArY iy D¢y Ar = —Ax Yy (D 1) disy (3-98)
i€ZL €L
Az Z ¢i+%Dc¢i+% =0; (3-99)
€L
1
R ge (1), o g’ < g [lvlg’] - (3-100)

—q7 —



W% ROE A A 0 38 55 ok sl R A8 3 B o ik LG RF R FAER L

3.5.2 REEMIT
IAEFRA 28 L RE S At 1T A9 40T, 1IE BHE AR B 8 1 [ g e B [81] 24

B, A pmtt and 2g7Tt 42U (3-85a) and(3-85b). MRHEEIE of = 0, S; =

by Z Umitlld’ ?‘Zﬂjﬁ

N-1
sz (171 = "2 + 14 = "I?) + A S 51 D0 [ugi]
i=0
2
n+1112 2 ~n+1 An 2
+ 57 (18 = W12 + 113 1)
+e(g"*", (vtD” +v D%)g")
N-1
S - Umin|||gn+1|||2 + Az Z [UDO n+1} pz
i=0
G RIS WA S — T, 153
1 N An
(Hp”“ll2 1™ |12+ 12" = p"11%)
n+11|2 2 ~n+1 An 2
+ 57 (15 = W12 + 113 1)
+ 5<A"+1 (vFD™ +v~ D7) g">
N—-1
< —omnlllg" TP+ Az ) [0D03 ] (7 — ).
i=0
f#H Young A5,
N-1 At N-1
0An+17 / an n+1 An+1 o 2 0 An+1
Am;[ngﬁ}(p pﬁ)_Mtllp+ [ +7M;[vD g
Zaih
i (157 = 171 + 5o (1™ = W+ 1™+ = 371 )
+e(g"", (v D™ +v D) g")
N-1 9
<~ oullg N + S Y [o0%]
i=0
™ 5 i
<An+1 (,U+D— +U_D+) §n> — <gn—‘,—17 (U+D_ -I—’U_D+> gn+1>
+ <An+1 (UJer —|—1)7D+) (gn _gn+1)> = A+B,
/\EP N
-1
A= EASL’ Z |:|U| <DJr A"+1>2] .
=0
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bR R R T % 2% gPC-SG 77 ik 24 A FALIM AR % R 69 Pk 4ris 7r A2 4 2 )
B=—{((v*D* +v D7) g, g — gty
1 Young 555, A
t
B An—i—l An 2 = D+An+1 2'
| I_QAtHI I+ S Mo DT gm il
HEH
+12 2 112 2
~n o ~n+ AT
mt (2™ = 12"17) + 57 (a7 = Ma™[1%)
Az = i1 2 At .
ey D [ (pr3257) ] ae - Saipin g
=0
A N—-1 . 2
< — ol + GrAe 3 [o00a2
=0
K o] < 1.
At At . = 2
7||||U|D+An+1H|2 < 2UAs {|’U| (D+An+1>:|)
2 Jits
=0
At N—-1
sz [vDog”j}] < ZA:EZ [|v| <D+§”:11) }
€L =0
XERE
An+1112 _ || an |2 n+11112 ~n|l|2
QAt (™% = 1™ 1%) + mt (IIIg 1% = 1llg™ 1)
. 3t Az pd i1 2
< —ominlllg™ 1P + (4) Z[M (D*ar )]
1=0
s
3At Az — B 3At Az P
<4‘52>A“f‘ ['“'(D z+l)}§(4‘ 2> A””ZRD H;”
=0 + =0
3AL Ax 4
< (3 -<F) amle

Hrf (a)4+ = max(0,a) £/~ a HPIERGHS
1

Ax

< 3AL
el
- 4 2

1™ 1% + 2 llg™ 1P < i

REATEIG T

W At R

WAF (3.5.2), 153

2
sz P = 112"17) + 2At(|||g”“|\|2 g™ lI1%)

4
N Ax?

- amm) ol

A7+ g I

3AL_ Awy 4
42 ), Ag = T
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3At Az 4

F own > 0, ST O30 5D Ty < o, AT A5 R0
A 2 min 2
At < x;' + Sel.

FHERE 6.1 {EMHL

3.6 HEHIF
TEIXERS , FATELS B — LB S BRI TR AR . FROT5 Ay A BENLREL o(2) YLt

R

wJ+v@f:USNM—fL O<a<l, (3-101)
WIME R :
f(O,x,v,z) :07
HRE N

f(t,0,v,2) =1, v>0; f@,1,v,2) =0, v»<0.

3.6.1 fil—: drsrtEmi
H5E7E BRI AR B T — e B
o(z) =2+z 2B MAT(-1,1).
iR (3-101) RYREHLY HUR IR TR N

Op = Orap (3-102)

1
30(2)
BB SR -

p(t,0,2) =1, p(t,1,2)=0, p(0,z,2)=0.

TEIZEM TR R (3-102) A ARt iR

T
L
30(z)
Y e /N, RAVEREENSEM. VB TRIRIIRZEZZ N O(e?). XHREATK ¢ =107%
X e BRI, BT AR BOR BoR g, BA TR PNERYEC AL (collocation method, 2L [63]),
FfXf micro-macro R2%t (3-11) FIAHRAIISE 238 BEHORAE N L. R TR AUEREZ 4075, Jolt
52 s-AP T, 12% Jin fl Liu (9 TAERRIE [77]0 Bboh, ELURoREI, (e g2 maRaTH
30 PE TR FORITE po
T T BER L . RO ERREZRAE « J7 ARy €2 Y05

6mean<t) = ||]E[uh} - E[U}HZ? ’

(3-103)

p(t,x,z) =1— erf
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B 3-1fl—: p HMiegir £ (£R) Firp L6922 (BR) 5 gPCH#w£4. Z2e=10"% Az =0.04 (F
#), Az =0.02 (§B), Az =0.01 (£),

Fig 3-1 Example 1. Errors of the mean (solid line) and standard deviation (dash line) of p with respect to the
gPC order at e = 107%: Az = 0.04 (squares), Az = 0.02 (circles), Az = 0.01 (stars).

esta(t) = [|ofu"] = oful]

Hrb o u S RRBUERII 2% .

TEEB3-1H, FRAT1AH] T gPC BUERE I BMERIPRHEIR Z IR ZAE t = 0.01 5 gPC HECER. =
HEERARE: Az =0.04 (FJ7E), Az =0.02 (FERE), Az =0.01 (F). XH At = 0.0002/3, 7]
LIER], &S N SRR, GRS BEEORZE HIAE%. RIS, Bffie=10"%, &
gPC B SEHIRFEAE M = 4 INhn] DAk 20 o AR SMERIAR R 2209 th Ze 50 Bl BoR 7 EI328 /2
uRIVER U

B33 R ATIAL ] T i i v f BPBMEFAIVR R 22 1) i 2. X BEIRATHELE] gPC-SG J7ik
TR RGE LA 25 i (3-103) 2[R RUFHY— 2k

TEE3-4r, FATRA HIUF gPC-SG JTERIFHIMAE t = 0.01 Bf Az = 0.01, At = Az?/12
SRR TTRERAT AR (3-103) HiRZE . BN, fEEUAIRZE HESZHTY e /MY RIR ZSH 2

AR/ No

3.6.2 fil—: RERE

AR, FAVPIIAS 0 =24 20 FREUIR € > 0 hAE—PHRAE A RE AT 23[R

1
il

1
e(z) =107° + 5[tamh<6.5 — 11z) + tanh(11x — 4.5)] (3-104)
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b GE R F PR
1.2 0.08
0.07} 6% 1
1.0p b ® ®
0.06} ' & R
® ' ®
0.8f ® ®
® oosfr @ J
0.6/ ® 0.04 ,é ® |
\ , ®
& 0.03}+ | 1
04F ® . ; @
® 0.022 ‘?; 7
® '
0.2} '
@ 0.01} ® ]
0.0 . 0.00 ;-
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

B 3-24—: p #93Mh (£7) Felrf£ (Bi). e=10"%, gPC-SG 7k M =4 (AH), BEx (L) FHMRE
fig 7 fE (3-103)0

Fig 3-2 Example 1. The mean (left) and standard deviation (right) of p at ¢ = 107, obtained by the gPC Galerkin

at order M = 4 (circles), the stochastic collocation method (crosses), and the limiting analytical solution (3-103).

0.040

0.0351
0.030
0.0251-
0.020
®
0.0151

0.010
®

0.0051-

L L L L 0.000
0.0 0.2 0.4 0.6 0.8 1.0 0.0

B 334 —: ¥4 (L) FiFAEL (&), gPC-SG 7% (AB) Al b*k (L), t=0.01,

Fig 3-3 Example 1. The mean (left) and standard deviation (right) obtained by gPC-Galerkin (circle) and

collocation method (cross) at time ¢ = 0.01
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B 34 ) —: WA BATR (3-103) Fw i gPC-SG 7k, p ¥R E (£X) kL2 (BK) 52 8
*2, Az =0.04 (##), Az =0.02 (§B) and Az = 0.01 (£),

Fig 3-4 Example 1. Differences in the mean (solid line) and standard deviation (dash line) of p with respect to
€%, between the limiting analytical solution(3-103) and the 4th-order gPC solution with Az = 0.04 (squares),
Az = 0.02 (circles) and Az = 0.01 (stars).

FHOLH M O(107%) &%) O(1), &35, XFHIL F RIS =R A 2 UL FIE M EES
JHRERT e B9—Boslt-
N T AESCRAAE ., IRt sna TR R,

,f + v@z(g(lx)f> - %L’f 0 f+ S, o(5,2) > o > 0, (3-105)
K2, micro-macro 4}Mi# (3-11) &2 N
Oup + 0y [vg] = —0%p + S, (3-106a)
g+ 5 (1 = D0hg) =~ 589 ~ 0" — 00u (o). (3-106D)
AR R A G — R T2 X TR (3-8), s B Emch
Op = 04(K(2)02p) — Oz (K(2)a(x)p) — 0®(2)p + S, (3-107)
Hp A1z
a(x) = lim i_((;f)) (3-108)

7. A THIBATS R, i T A (3-85D) PRSI
1

-1
S (3-109)
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0.8 T T T T

0.7} i

0.6} B

0.5 i

0.4} .

0.3F B

0.2} i

0.1F B

0.0 L L
0.0 0.2 0.4 0.6 0.8 1.0

B 3-5 e(z)
Fig 3-5 ¢(z)
BN
- 1 Pivi Py 1 .
€($i+1/2)v<€(xi+1) g(xi)> Ax’ (3-110)
e Po v—075, v+0.75.,
finlwyv:2) = 5 [exp (= (=) Fexp (= (7 ==))] (3-111)
Hr
pol) = H*W Tole) = %@s‘@m (3-112)

S RlC AR (30 FEA) 153]. MXSEUWT: MIEZSA Az =0.01, R At = Az?/3,
RATHEH gPC-SG Jyikar BB %] ¢ = 0.005, ¢t = 0.01, ¢t =0.05, ¢t = 0.1, XF v J7HM
U, FAMEA 30 M &L

EI3-62 /R T EMERREZE 2 R2ES gPC BN XA, nTLAE ISR GEIRED o
3.6.3 fl=: FEHL¥E

BETORBATEVE L IABENE (0 =2+ 2 [35AKENL)

f(0,z,v,2) = f(0,z,v) + 0.2z (3-113)

Href f(z,v,0) F1 (3-111) Fr—Ff. Xk Az = 0.01, At = Az?/12 DIt E T = 0.01. B4
FATNTRAAR € = 1078, K37, BETRBATML e = 1, WE3-8. ATLUAZIPIF T EVE

JEAR o

B4



gPC-SG 7 ik 124w A FAALIT N % ROBE 09 2R M 432 5 A2 ¥ 49 5 )

#E¥

LB RF W EFAR T

WAL (%) Fich £ (BE) 0902 %25 gPC MKW £ A

Fig 3-6 Example 2 with initial data(3-111)—(3-112). The £ error of mean and standard deviation (dash line)

B 3-6 #] —:
with respect to gPC order
12 0.14
.12} ®
®
o.10} ®
@ ®
®
008 ol
®
006} 7
® ®
004} ® .
® g
0.02}® E
®
3
02 04 0.6 038 1.0

®
®
[
0.00
1 0.0

M (%) Feti 2 (&), gPC-SG 7k (BE) fiedik (L), t=01, e=10"",
Fig 3-7 Example 3. The mean (left) and standard deviation (right) obtained by gPC-Galerkin (circle) and

B 3-7 # =:
collocation method (cross) at time ¢t = 0.1, ¢ = 1075.
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0.120

0.115

0.110}
0.105} q
0.100|
0.095|

0.090

0.085}

0.1 . L L . 0.080
. 0.0

|38 pl=: HE (£) iz (F), gPC-SG 77k (HE) sk (L), t=01,e=1.
Fig 3-8 Example 3. The mean (left) and standard deviation (right) obtained by gPC-Galerkin (circle) and

collocation method (cross) at time t = 0.1, e =1

3.6.4 fIM: FEHLIDFEYE
KA TH, FRATFER AR I BEAL: -

fo(t,v,2) =242, fr(t,v,2) =1+z. (3-114)

FATNL T Y e = 107° Ml e = 10 PFHAL, WIE3-9MIE3-10, FIHEH) gPC-SG JIiAMZS iR

EEYIE

2.5 T T T T 0.6

B39 #lm: ¥ (£) Fiki (&), gPC-SG ik (HE) fitk (L), t=01,6=10"%
Fig 3-9 Example 4. The mean (left) and standard deviation (right) obtained by gPC-Galerkin (circle) and

collocation method (cross) at time t = 0.1, e = 107%
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0.140

0.135f

0.130

0.125}

0.120

0.1 . . . . 0.115 LG
. 0.

B 3-10 #lww: ¥ (£) Feirf 2z (&), ¢PC-SG ik (BE) L% (L), t=0.1,¢=10,
Fig 3-10 Example 4. The mean (left) and standard deviation (right) obtained by gPC-Galerkin (circle) and

collocation method (cross) at time ¢t = 0.1, ¢ = 10

3.6.5 fIF: —HMEHEE
e, BAPREZEEAW TN —4efEhs:

o(x,21,29) =1 — % cos(2mz) — % cos(4mzx) (3-115)

HrbZATE 0 = 4 W 21,20 AHLHAE (-1,1) EREEYIEE . 1 Az = 0.025, At =

0.0002/3 RYFLET gPC-SG JTikfEIME t = 0.01 HIfif p FUBMERIbRIER 22 WIE3-11. SR)5FAT0EH

HIFTEC RS (40x40 Sl - #EER D KD SRITEMZ B MR EMIREZE . FEE3-1200, 3]

EH p FIME (SL40) MbREZE (EZ) HIIRZES ePC BrE R R. Al LG EHE 2R 22 A0 P 7
sl

1.2 . : : : 0.07
®
1.0p . 006 g
®

0.05}

0.8} .

e ®

0.04}

0.6} , ®

@ 0.03[®
0.4}t ,
® 0.02} ®
®
0.2} . . 0.01f ®
® ®®
0.0 ® 0.00 L ®
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

B 3-11 %44 (£) 442 (&), 2% gPC-SG 7% (AB) fltdF (L), —HMNES,
Fig 3-11 The mean (left) and standard deviation (right) of p at ¢ = 10™%, obtained by 5th-order gPC Galerkin

(circles) and the stochastic collocation method (crosses). The random input has dimension d = 2.
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B 3-12 p (AR £ (RK) At £iRE (RK) 5 gPC-SG Hr eI X &, —HMMNEF.
Fig 3-12 Errors of the mean (solid line) and standard deviation (dash line) of p with respect to gPC order, with

the d = 2 dimensional random input.

3.7 AERESRE
AR, BT T HELIE & i A B LA R e 2y B T SR
OB RESMHT . T S0 P ERATRE 267 S EL B LMD (REFPE IR (-AP) o T2 T micro-macro 4
RG2St B HEW T —BURO R AR AR RO AJIEWT T 5 TR M — BLPE A L,
KT B ST 2 RO S B R e . SRS T L A
—ARHHR SR, T AT M SIS R kinetic )y RRUBUB AR b2 TIXSTARAAE I, 0%
AR, SRSB4



LHEARFHEF AR L EwF A NUFFT RN B A E TR EA LA B4 68 55408 A

$ME (A NUFFT MFHEAENEEFAREEERTEEY
B E =TT R2 RO R
TRV B TR R AR, BUEE (L, WA DRI Tt A

T EEETS TR R B A AT A B AT IR A R B B o X R TRRIE IR T — R A B s 2>
Jitg . R FEBR R PAEA AR EE T R R o 025 AT . A TR Bk e s

BB EIS TR
EATES, TN ERAR SRR LM Es iR, HAAERA
el = % (—ieVy — A(x))’u + V(z)u®, teR', zeR? (4-1)

u®(z,0) = up(x), =€ R, (4-2)

Hrpuf (2, t) BEEWEE, V() € R ZIrEFHHEE Alr) € R® Z2RIEHSAE e BRI
A AR IA R, A E(z) € R® fIf4 B(x) € R® A0F

E=-VV(z)), B=VxA(). (4-3)

BT 15 7 R (4-1) 0] LA p AR ) 34 77 Rl SR iy s e (20 (87]) S SMMHRIAHN
FAER T P S SEOF 2 R 2R, GIINBITERER. ZES RV ATE S R J7 . 15
A ARG RS AR R I E A ANFEIREE (W [88]) 0 #UE L, Ethiy sk TR PkL, Bl 2fE
MG ) B R B AE S e S 7 R B R I LI AR 3R Bt =4 7 — 8
g (2 [3]),

Fi5 b, ATLUER AN I — DAk e e gL, BiZs tH— MR @ E. 3 B(z) € R
W B(x) € R® HAFHERNRITEAEYE . — 1 BANIEEZ V, - A =0, X2 TN Ee .
TEXD I, KEBFIENZIEE NS, (A, —ieV,] = 0 (FFHER B ERS TR (4-1) V3 RE
(“kinetic”) 43wl LAfEI4E @~

%(—isvw — A = —%Awus +icA - Vu® + %|A|2u5. (4-4)

TEREES IRE, KBy R B T 220 (BRI, Bilan o & 2% )3

n(x,t) = |[u(z,t)|%, (4-5)
FUE IE Y HR 2
J@;w::%(ﬁ?@4gvx-A)wt—ufp45vx-A)aa, (4-6)
Hep fSOR f MEYE. b b, BRATH LT s E 7 R

B
5+ Ve d=0. (4-7)
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FAFEH n f1 I HEMEAL R AP EERY IR ZR E

m(t) == ||uf(z,t)||?> = n(t, z)dx, —
(0 = (@0l = [ nt.a)d (1-9)
ke & .

£(t) = (=¥ — Ayl + G, V), (-9

Hep (f,9) = [u f(2)g(x) de ZFRERNEL. T v € C(Ry; L2(RY) NS(RY)), XLt fE8h 12
HESFEY o A HETEA AT IE B AT BB s A

AT, Wl e < 1B, WRE v° AR AMIN E EERE S IR B, % REA
O(e)o LY e — O I, BAEME LN IEAIEL Y e < 1 I, ML TEESKAEEIS TR, 520
B E R UT I, WKCPETTEERIEET WKB 234 fl1 Wigner B AEE (7715, 20 [89-92].
Wk (sEEE ) BN —EKEENITE, At E AR AL ELR (e
[93-96]) , IXFMEALRZEH O(e/2) o N TIRFEILAUEE ., AMISIA T S S, HAARE
Cr(T)e*? (W [97-98]). 4R117, ££ [99-100] FrELIEHI X FRFEEN e, B e Uil & REA
I RER ST . SR, Hagedorn £E [101] H$g i, 7£ [100-102] Ho3 47 H1SL L) Hagedorn
WAL AT I RO DB e € (0,1] IRYERZE . £ [100] H1, Zhou B&¥ Iz EY e 2R L eR L,
FERAMIL 1A S U SR A TR I IER o fedlt, Russo F1 Smereka fESCHR [103-104] HrfH
TR E T AR R SR B AR RTT I, IS ME R T

FEEUE b, R BRI R ES TR (4-1), ARG RS M S T EoR. X T
PrEE IS 15, a0 n(e, t) F1 I (2, t), g intte YRERATATAT, SlFay )Tk — R a o 24
J7i%, W Bao, Jin fll Markowich 7 [4,92,105] R H, HAPRIE AR At = O(e) fil Az = O(e) Wt
JE ARSI sR A MER ALk T T SRR BRI i, IR TT LARA 2] O(1).

T RSB, SEMENAL, 44 REERD T2 B IR HFTHH
M A T DT ARE R, Jin M1 Zhou £E (3] HEIN T hit& B HIN )93 54071
(semi-Lagrangian time splitting method), HFMIEEI Mg At = O(e) fl Az = O(e) J& LMRIEHE
TRV R R A R, WTLMEH e WSROk E MR B AT W88 i AERHRZPBR, 1E
(3] HA A IS T 2 ARSI, HHh TR A T S ARG . ek b, AT MR R
TARE AR S AR L, RENE, BREITEEZEN ON) (2T E) B5ns O(N?) (i
HEREARECRA) Hrh N 2RISR Eon. X EFENBE B A 8500, bR FFT
AFIEN, B, 2Rk B H 75T EERCR R [ A P4

HT eSS Pl At (NUFFT) (S WE00 [42-43)) , AT LUz [A815 2 BRAR A A o
AR TR B & o B A B AR AR 25 b B sk ™A, DA 22 AR 2 5 FL R 027
Mg T ARV BUE R . 4R PRI 5 B HAESE [B] B AR AL e S N ARy, 8 B ol i EE I
At (FFT) B2 EEER, HAGHE O(N log N) IR N AME B R0 2
O(N?) NEZRE . SR, UEURAEAE P 5 MR " 450 4 R A% _EJEFRAE I, RS2
12, FFT JFAEH. e RJUEF, CEtk T EEZCRIR TiX MRS, # 5 gk IE414
FFT (NUFFT),

AR, FATE NUFFT BLk45 G 2N R 5 AR B H A, HHEE AN O(Nlog N).
AT LAIERHOT IR R TC R RER . 52 IHHEIIF IR E R BT SR A ) , IRt 4>

b

S

fet



LHEARFHEF AR L EwF A NUFFT RN B A E TR EA LA B4 68 55408 A

SR SR BT E . YT EE R M2 EIRZ A, B Az = O(e) f1 At = O(e), FRATERIIRA]
5 EEAE 2 TR FUA TR FEAN— B A TS e FRATAEAE Wigner R HAIHEZRAHIER], RVFAMKHT €
iR A R iR BL IRV S =

FATBEAT 7R B E SRR IR AT Jy 3% 383 S 435807 ST LA B My b i s [R) 7 1) 1)
KSR o FERUEHY, BAEN] Strang 70K £ 4B T, RANCARIE 1% EAER ] _E R
W, AFEZSIRl EREE. FROTIEFRY], St SRR, oA BRI ARG . AR
T AR = 4ERUE S

AR HARF LT T RAL 75 4.1 7, BRI T RUE TR R RS LAY NUFFT
SRR R fE 4.2 TR TR B SRR E M E T AR E A T, Hrh A e TR
WAL MR A A R 0 R o R 4.3 T, AR T A EE MO KL AT B A . 3K
THERJA — T S G— LEPRE AR T [ o

4.1 HEFZE
4.1.1 HEEFHE5EER

FEARTI, BATH A [3-4] thE I NRIIS R85 /7% O 7RI I, A5 R Ak
PRAS—ZERlT. X 2 4B BURY a) LA sk RBUE R X B, O DUE B A 2, 1E
(3] Htid 1 X A

Z AT EIXI [a,b] LS RS 25 =a+ jAz, j=0,...,N -1, Hfp Az = (b—a)/N, N
EEEL BB A, X t, = nAt, U™ = (U, ..., Uj_y)" B55 UP K us(x), t,) HIEUE
WL, V502 V() BIBUELE L

TN e i, MECMIE TR (4-1),

iedu = —E—;Aus +ieA - Vu® + %\AFUS +Vus, a<z<b t>0, (4-10)
TR I Ao
u(a,t) = u(b,t), us(a,t) =us(b,t), (4-11)
NAME
us(x,0) = u (). (4-12)

R, A EEILT, AR hri % X R B R MVETHOA W E S, (B2 (4-10) BBy
TEATUMET B 2 -G DL AR )1 2GR AREZR TR, BERE(4-10) AN £, AN torr . FRATATLASGH
BEETS TR ShRER 15

2

ieduE = —%Aua, t€ [tastninl, (4-13)
FEE MR R R o .
ieduf = §|A|2u8 +Vus, te[ty,tnil, (4-14)
B AT i 43
atus =A- Vus, te [tn, tn+1]. (4*15)

— 61 —
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N EER B TR, RATE S I TR A= Sy
Sy = span{e (@~ = (2nk)/(b—a) k=—-N/2,...,N/2—1}. (4-16)

&Iy 2 S, = {u(z)|u € C([a,b]),u(a) = u(b),v'(a) = u'(b)} = Sy MIRUERIFSE BT [106], Rl

N/2-1
(I w) ( Z Uy, e+ @ g € [a, b], YVu(x) € Sy, (4-17)
k=—N/2
D94
I .
g = / u(z) e @y k=-N/2,...,N/2—1. (4-18)
—a ),

N T T RAESI R w . BATHBUER (BIRTR) FER S WA BRI L (4-18) R g, FFH
PR HYSRATZ M FET SEBle S0, XN EUEIT AR 30 I RS R B2 S u(e) HOEME, IR

N/2—1

oo e s ol (4-19)
=—N/2
/\EF'
1 V=l ] V=l N
—Zl, (xj—a) - ) —i271r\§ _ . B
ay, = NZU i fNZUe . k=-N/2,....N/2—1. (4-20)

BUE L, FANTAT AL 23 (AR A1 21 (4- 13) i

N/2-1
zg: e—i%%suiaz/en%(wj—a% (4-21)
=—N/2
SSRERY TR R LAZER B3 RIS EURS
U;* _ efi(%\AFu;Jer)At/s U;‘. (4,22>

ORI, TR SR A(r), ARREG R RE (4-15) KNS e . BRI 2 BUETT
EAT T RRZOTRE @%k%%ﬁtig%ﬁ%ﬁﬁ CFL 5%, (RIS RPN REILRIIR K. O T FH#K
RHYES REASRAG R P N G, A B A TC A AR E R T 15

N T B R R A R U E X T R, A (3] rhaR i T B 2 TR E Y RS B H T
o RMEEA H 5 A E AR A R R (. M d, FATTH 30 R A SRy ) 2

8,5168 —A- VUE = O, te [tnytn-‘rl]- (4*23)

RBP4
W) _ A, () =2, (4-24)
AR TR 20) (R 2(t,) = 20 WERSHELE, AT v (s topr) = u (e ).
SR, H T AL HAR SR —E 2 MR AL, BT AR E DA MG T ws (29, t,) o FRATAT AR 42

JIEARME, BlIAn MO IEE(E, SR M2 W E, WJ!ZDMB/‘Tﬁ%EEE@IﬁJEETEH

62 —



LHERBREFHLEFEALFwE (E NUFFT B8P AR EFo 2L sE LA aE R0 2574208 A

U R RS 2 WA E R, XTI BARA 2f . Ta 2N HARSBIME s i 2 W
LA Mg 9 H 2 R EA 0], T o), 1 M D HEBH RS oRIgE R A O(AxM)
RZEEMRA I H 2 0GR E . Rl 2 TR E R S B R A ERIZE N O(N).

A2 RS E T, FATE SCAAE MR T AR, SRR B AERS LA FAR U4 A4 (2 R £
XS AR, A N REAEN FFT (AR O(Nlog N)o EFfEHAYE, FFT ARE
AT EAER A H bR AL R AR, RO {25} A @ RS AR R XM BAR A
SRS A B Rl i o) T O(N) it . By, EOFERAZ O(N?), JEHERM
HFERTHY. R AE SR o

R 2 AR EME L, B AR S R L2 R B, (H2 AR RCR T 2 i at. (6]
NUFFT 5% [43], AT LMERCR O(N?) f2mEIE] O(Nlog N), TWIAMAEH R L. £,
NUFFT (U2 T HH X B 2 s s T ik e &% . B PN 061 NUFFT [2p4
B H T4 A R 4

4.1.2 {#fA NUFFT B3 hit&BA B A iEm@xm A2
FE IR —5 0T, AT R RS B H O IR AR (4-15), TR EIHA

N/2-1 N/2-1 w0
o o arl—a
UMt =uf (a9, t,) = E et (=) = E et T (4-25)
k=—N/2 k=—N/2

— RV, BN EARAL o) A BB S, R il T AR R i B BB, FFT A
& T EMBRECRIN(4-25) EEORAL F52 O(N?) BB, HAREIMACE, Fplan+
AR =2 AR fEH NUFFT 8%, HH5(4-25) T AFE O(N log N) NE ZREN T 5 O(N?) &
IR, BRI E] O(Nlog N) R H A 85T NUFFT 505455 2Rk H 7
HEH PSR TERYANTT S AT

8% 41 (4§ NUFFT fy-FHts ] 715

v [E R A AL B AR AL 2.
2 fiH] FET, WA z; THEH u (o, t,) B 54 {E
3. il NUFFT $18(4-25) 1) UP = (29, thya)o

BRA- TR R E Rt =F8 A PER 1 Al LUETE O(N) H) ODE sRfggeRkig. L5 2 th
HIESZ T R ET LA O(N log N) B8R RT FET (forward FFT) SRit5HE. L 3 rhryit&Ew]
LIAE NUFFT [ O(Nlog N + N) #ENSEM. B2, BEREE ON + Nlog N), =Pk EMNZ
TACKS LT i B S B o FRATIEZS Y I BB IR X 2 4B DL 2 8 SR B RE Y o

4.1.3 NUFFT &E#5%

FEATI, BAMEEZES 24— T NUFFT 83k, 2855 5N B a8 it &, L 2y
B ARRR S AL S S, BEREREZ N O(NlogN). ZEEAAREIA, BAMEXE %
[43] s ) {6t v 4 AV A A f Ol B EL R SE B o
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N —2ErsE LT R 1R 2 RIS B U e, Ak

N-1

B L F(k)=) fie™, k=-M/2,...,.M/2-1, (4-26)
7=0
M/2—1

FHM 2 flzy)= Y F(k)e*™, j=0,1,...,N, (4-27)
=—M/2

Hrp z; € [0,2n] AR, f; WEH.

AR I, O TR A AR, BRATE RS 4R 1 AT AERRATTRE R T H 5k
HRAE P RZRAY 2 SRATAT LAEVER ST 1 0, rAZIL [43]. 35ERL, T2 (4-26) ik 1 R A KE
L

N—

Ju

fjé(.’E - a:j), (4*28)
=0
FTEVEAE [0, 2n] _ERYREIVIRR L 3X B 6(2) Ak 5 6 BREL. S5 — 4% (heat kernal) £ [0, 27]
EHETER, B g () = S0 e @AM TRl LI EE R 2m, O MRS £ W0

<.

fo(@) = frgi(a / F@)g(z — ) (4-29)

b b, fr 2 f B MRAFRYIELL T H T LA o B985 Rt gt Sk Mannt 1580 Fr(k) =
= [T fr(@)em e do AT HARUER) FET 76— /N il (oversampled) ARG EUERGHEIE,

1 M,—1 '
~ m e " 27wm /M -
Fr(k) ~ Mr 7;) f7(2 /MT) b M 9 (4 30)
XH
N-1
fr2mm/M,) =" fig-(2mrm/M, —y;). (4-31)
j=0
—HIATIE T Fr(k), WS IATA,
F(k) = x/Zfesz (k). (4-32)

RS E BARIRF Y N — RN DT, BATELL N RIEAE [43] RITHE, BATiERE
M, =2M fi 7= 12/M?, FFEHSHEECH MR R BRITN 24 i, IBAEERY 12 7
BAPREEE . XT 6 (AU, RATESR = 6/M° e MR HEREIIN 12 Ko ERESE
. WRBA TSR, FATESRE 12 FIFESE

4.2 BESHT
TERXTT A, BRI R R A S P BRI B RS I ISt
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4.2.1 RBEMESH

XAERHRE u(r) € Sy 2 U= (u(wo), -+ sulen—1))" N uw BRI TESL |- [l 0B
P B |- e KT S, 1 L2 5L

— / b /
[0l = (Ax > |Uj|2)1 "l = (/ IU(:ﬂ)Ichac)1 " (4-33)
j=0 a

SR AT BATA lur(@)lre = (|U e XTAERR v € Sy K7
513 4.1. FTHEARAY t € [t ta], EMFIRFTEL ) RHRTEE14))E, RNA

[0z = [|U"[];2. (4-34)
WERR. SEWIAILE [4) SPROAER AL, e WA T A O

T RS BT H TSR R B IR AR AL 1] R LT R AR AT A E RO ELR, 20 €
[a,b],

dflit) = —A(z(t), a(to) =0, w0 € [a,b]. (4-35)
TATESL S, BRI E(t,to) WR
(E(t,to)v)(zo) :==v(x(t)), v€ESp. (4-36)

T (4-35) 2T HI\RARG, Ll Bt to) (UR t — to FIREL FIL, JAPEH E( —to) Fr
B(t,to)o WSLK B EIWRIEARERZ R AT AR, B upt (z;) 2 “KHiR”. (8 NUFFT
PR B H TR AT AR O

it (z) = Iy E(At)uf* (), (4-37)
Hep up () 2w (x) I93EE(E.

513 4.2. 8% Ac C'([a,b)) F+HREHM, Bp V-A=0, N F343 BEX (4-37) L5
895 L&A

lu ™ e < llup*|ze- (4-38)

WERR. 1 (4-37),
lug |2z = [N E(Au; |2 < | E(Au;| 12, (4-39)
F ARTERER. OTA [EAY 22 <1 K fluf ™ lze < [lui|ze. O

E 8. L [HRA SR R A, WS [107] REZETE.
AT ERAIRI4.2, AV N AOFE RS,

EE 4.3. 0 NUFFT 8 %3548 B 068 5 23 5k, (4-21). (4-22) %(4-25), RELMHAEEY.
FLL, A TAEAT WA K et

O™ e < Ui, n=1,2,-- (4-40)



W% ROE A A 0 38 55 ok sl R A8 3 B o ik LB RFHEFER T

WERA. MRS H4.1, U2 = [|[U|i2. H5(3H4.2, FATH

10l = oo < g o = (U7 e = [0 e

4.2.2 KERFHIRE T

FEIXTTHR AT FE pR B E T 35 22 A AR SR o BT B pR RS s AU R i) 402
e Ry BHAMRMIL, FAEMT ¢, o Ml e WIERHE By, Cn. Dy (13

8m1+m2 1
A U 1) < ———Cmyfmy, ™ =My + 1y, my,my € N, (4-41)
‘ Oxm1 Otm2 C(01):L2) gmi+ma
9" A <p vl <B (4-42)
orm 2 oxm 2

ER fEd-Alh, IR T— ROt MECE TR, (HEfEBl L2 M8 =R 2a s
M, WZA e fRiphyo. (BRIR(4-42) BRER LSRR EUEEHN, FH EMMSLT eo JAIE fr
SRATREET AT 1R 21 A B R f(2;) ALl BUAERA TR HE (A NUFFT ff-4% 5
H—Bri Rl 288 735 (950 SL-TS) HILAMRZEM .
TEBEAR B (3] iy e 4 A [4] REERE 4.1, (ESLARTUAART, BEAIX R 5
BREFAERIE LN R T 2SR P AR

EE 4.4 % u(z,t) RFRMA10)09#HM, =" R —H SL-TS F ikt BHEL. RAVMBEAE
45 VAT VA BmR 0 iR 2 BB MR AFAE R A2 (4-24), s B SL-TS Frikd st ey NUFFT #9i% £+
2wk, BARK(4-41)-(4-42)F, EMN#—F % Az = O(e) 4= At = O(e), A& FAEAT i
tel0,T], &MA

T (Az\" CTAt
s (t) — 0| 2e < G () n

At
S m e N R uf(e,t) ERNIEA, C ARET At, Az, o, m BEFH, G ETERMT At
Al’ %\7 & ﬁﬁi’%‘.’; o

UERA. FEIEWIH, AR A IR, P R B BUE ML T e A TIEREE L, RATES TS
F2(4-10)

, (4-43)

9 9

ot = (A+ B+ C)us, (4-44)

Hrfr
A——A B_—€< |A|2+V> C=A-V.
B us(tn) AT t = t, WIURERRIE, AR2
U (tpyr) = eATBHOAL e (1, (4-45)
SESH (—B) WEET 2SR CE2H BB N
ntl = CALBAL ANt 2 (1 ), (4-46)

w



LHERBREFHLEFEALFwE (E NUFFT B8P AR EFo 2L sE LA aE R0 2574208 A

HHEE, ITETARRE, o™ 5 u(te) A W (3] B, RS 2HRERZ

At?
ot = w2 = 0 (5. (4-47)

R =A%, 52
luf (tsn) = a2z < JJuf(tasn) — 0™ g2 + ™ = wp e + lwf ™ —ag" e, (4-48)

Horprwp™ 2wt (IEHEEIEIT . (4-48)I5E— VR 2UR A (4-47), S IR H T ISETIiRE,
HEFA C(82)™e BIHFTAIE, TSRS R 8 B2, RNFTEMTRG I, X2
HEAEE PSR ZT . FelRy, BT EFEE R AA TiEr, R~ AEmiRES (3] AH.
R 2T A5 o

£ SL-TS Jiikr, A B B HREL R T KB, A1 A F C RIBhREL IR
Tl Rl BUEI AR . 2l d Asp 1 Csr Fome =A%

n+1 e,n+1

lwy ™t = up™ e = [l — e

— HeCAteBAte.AAtue(tn) _ eCSLAtelS’AteAspAtua,n”l2

S HeCAteBAte.AAtue (tn) o eCAteBAte.AspAtus (tn> ||l2

+ || eCateBA AP Ay (1) — eCsrAleBALeASPALYE (1 |12

+ HeCSLAteBAte.ASpAtua(tn) _ GCSLAteBAte'ASPAtUE’nle. (4_49)

(4-49) Ao B 55— AR us (tn) ESNRELRYREIEIT, FrAAIEAE [3-4] Ry otr, XIRYRZENZ
O((25)™) TR IERER m) o (4-49) 43RS —IFR ePAeAsratus(t,) 1tk I EUHEIE
Mo ARPEXT BIRELNIARE L AETE T

lePteAsm 0 () |12 = [[u® (ta) 2.

INE, 2 R RFRRES RS, IR R MRS A NUFFT ByRZEAR/ N, 55 T2
O((82)™), m MEEIFEE, XEEHENIRZE =S,

(4-49) 43 Ui Y B Jg — WUERE N D IE B2 (A 20K 2 R I BUE AR BUE R 2, P EUEREE R )
I, W DRAEGME L, BB eA2, P2 fl 2 (FEFECHITET) & L2 JuECH R R
W ERECRI BT, XEWRE [[eA2 |2 = (€582 = [|e“A |12 = 1o it E— e o,
FANTEEUE,

letsr B2 =1 [e® 2 < 1.
R, Bl PR, B(4-49) 45 A A — 51
HeCSLAteBAte.ASPAtuE(tn) _ GCSLAtGBAtGASPAtUE’nHP
S ||eCsLAt||L2 HeBAte.AspAtue(tn) o eBAteAspAtue,n||l2
< €5 A 2 fu (tn) — w712

< s (tn) — w2 (4-50)
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et e
Jup*t = 0"l < o(en) = 05"+ Co () (1-51)
Ol RASET ¢, 0. ¢ WA BUERATAEEX
g,n € g,n A m At2
) =" e < () = 5"+ O B0 1 (P50, (4-52)

Cy, Cy BT t, x, ¢ FE
W [Ju®(tn) — uy™ o2 WEAESRS RAUESNE, RATH
T Az CTAt
5(7) + e
HEEE, O
XA EERREWIR 6 > 0 2 L2 b riRzER, A4 (v (t,) —uy" (|2 < 0, MRS
53RN 2

[0 (tn) — ui" L2 < Gim

(4-53)

A%:ow%f¥:omeWm, (4-54)

m > 1 NEREE MNTEiEr o REOR, W LU TR AT, IXAEAR SR .
FATHGRH ROARRI SR (4-54) 55 [4] HRIZER (B RS EE) —2, FFEMBIT (3], /£
R Z 7% SO 2 R Y TR R B T35, I BUE T RAE =S ) EABA TR L.

4.2.3 RN ERNREMIT

ORI, IR SOOI LI, R R SR T B SRR FTRERLE A T (B [3-4])
Hrpral A Wigner ZRoRBTIX — e XF f,g € L2(RY), Wigner A E SN2 ] B 4L

w(f,9)(t; 2, €) =

EX w' = w(uf,uf), Y4 e— 0K, Wigner 54l £(%] Wigner & w° = 21_1)1(1) we (uf,us), H
HR B SR AE S ST HY

W oa(x, &) BB NEMESEEE, EILRITOA LB, FRAREHA5. T4,
HHB I T A° = a(z,eD)V PRRATTWEAE, XHE D =iV, f1 W Fx Weyl ftfh.
DAETXMURAS T FTMEE B R Y ERE LA

E:(t) = /Rd a (t,z)(a(z,e D)V us(t, x)) dx. (4-56)

— A EER MU R E

/ a®(t,z)(a(x,e D)V (t,z)) do = / we(t, z,&)a(x, ) dedg. (4-57)
R4 Rd xRd
B (1) ATLABCE LS R
lim E5(t) = / w(t, z, €)a(z, §) dudE. (4-58)
e=0 R x R4



LHEARFHEF AR L EwF A NUFFT RN B A E TR EA LA B4 68 55408 A

W BEEIT LR Wigner A4, A LMRZS 5 HILER] LA R AN SR
1B — B2 < llalle - [[uf — @ le- < Cllalle - u® — @l c2ga, (4-59)
T a €&, BWFEEREH
E={¢ e Co(R] xRY) : (Fersu) € L'(RY; Co(RY)) } -

F FOoNHENAZH, & & & FxBzsE. BATRH, HMREHEICI I TR Rty mILL
Xt Banach Z3[A] A THES o

FERTDZIGHE TIPS ¢ € [t ton] o, WEREGHTRELA NUFFT (l/)h) S8 W)
YEEHA.4 & R EgATER(4-59), ATEMETHAHE. Wigner 28 fferp iRz

it (4-59) Rk, ARSI MG Az /e = O(8Y/™AtY/™) JELUMRIELER FIFIFE [0, 7] _Eih
AR ES R A DEEETT O(6) %%

(3] eI AN ER 2R EN O(e), WHEIRIRTIRMALT e, FFHRER
JTRERIIS TR 7320 T Wigner JREH R AESNRELERAMISFEL IR, W RIRYSEACRAE TR, ££
X, AR AR A D BR P e i CR SRR SN T e IR (AL, fERY
B R, RABARBT « BYRE.

FERTA X &2 5, BT, M NUFFT 89 SL-TS R LU T8k I 66 2 58
Ho XERE MR At = O(6) M= [ 75 Az = O(e), BUEMAE Wigner ZH#thfs
# O0) % (He— 0/, FILFAEYHMEERNIREN O(5).

4.3 HIEHIF

FEARTT, A PRI R —4ERUE G T R BRI AR E A R, IR 4R =
HENG UL M RBTE LB . 225 et i ARG A0 WA R/ NI TR) R R e ) (2 203 7% (TESP) 3k
R, s PR ER By Runge-Kutta J5iEACRMXTRUTRE, 25 m SECLA b L7577 3% (3] 7%
Ho WRREANIRZELL 12 YOECH A, T BN P 5 22 DU B ek i e T T SR AR R B 12 Y

Bl 4.1, 1R B R 89 &) 2 F B

EiX/I\Tﬂ?EP, TAMERS [3] HEE 4R E], tHEECN C = [0,27], &ANEHN T = 0.4.
Frigdion V(e) =1, mia#ch Az, t) = sin(z — 2t) /10, FIREN vwo(x) = e~10(@=m)*gicos(@)/e
P ERAR, fiﬁ” FER AL B AR 22 AT

1ref||l27

By = |lup; —u E, = |[aX, =2, Er= |18, = ||, (4-60)

Hi u, FEUEM (Ax =35, At), v ZHIEFEAMOFEH TESP LGN, 7, T SN
E ARk

n(x) = /0z n(s)ds, I(z) = /0z I(s)ds, 0<uz<2m. (4-61)

M 8 AR, I(t, ) = elm(T (¢, ) Vous (t, 7)) = 5(T°Vau® — utVouf)o
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10°
107°
107*
10°°
_8 —&—— Wave function
10 —<&—— Position density | ]|
—H8H&—— Current density

107" > -

10 10

A X

B A1 plAlb ke P 2£, BEEREG I BEFRAEREG ' 245 Az (9xb &, e =1/32,
Fig 4-1 Log-log plot of errors of the wave function (1> norm) , the position densities (I' norm), and current

densities (I' norm) versus mesh sizes Az for ¢ = 1/32 in Example 4.1.

BAWERAIMEA- 1P A, 2 Az = O(e) I, HHZBERHAITELC At = 107%, FiE
23[R PR RIS I, B R ORI M OB TR Y e 22 AR RO AR, BRI SR/, X2/ NUFFT
FEPRIRZE ESM. Bk, i NUFFT p9iRZn] L2, FATCAERA TR i ik
R LASEEL S [R] A TEAS L

TR e, (HRBREMP MR, Az = 5Fe, FEFRA- 20 H 5T I )R AL
KA, FRECTRELFIERA- 20 BIRMMZRY, XTT R EMP R E, JATEA At 19—
Wil X SIAMER R R Strang 735850, 735h, MFR4A2IANTER], Rl At > Az
N At > e, BUETTHANIRERUER] o XU T2 R 70245 T R e AR E M -

H - ANEIENEREER AR 2008 8], IATER], XTEERN At, 24 e R, JEEH
FRZ R LI, B PR ZE LR A . i, FROTAEEE] (Biltn, fE5R4-2/9
Fg), A Ax F1 AL > e I, WA ER IR S BUEBIIRATA LRI e 571
IR 25 PR LA R MBI A RBA T AN E, I RPRAT O(1/e), MR
BAUBRE, S RIE O(1/€2).

kA1 plAl R REE, Ao =3, At=10"%, e =1/32, £% b TESP /3, Az = 25 f= At =10,
27

Table 4-1 Spatial errors computed with Az = 57 and very fine time step At = 10~% for € = 1/32 in Example

4.1. Reference solution is obtained by TESP with Az = ﬁ and At = 10" %,

N 8 16 32 64 128 256

E, 1.4844E-01 2.0897E-01 5.4851E-02 1.1685E-04 2.2790E-08 2.2602E-08
E, 1.2187 9.3894E-02 6.9707E-03 2.1646E-06 6.6955E-09 6.3930E-09
Ly 4.8682E-02 3.8011E-02 4.5217E-03 1.4634E-06 4.3334E-10 4.4653E-10
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Table 4-2 Temporal errors computed with Ax = %s and different time steps At; = ﬁ,j =1,...,6 in

kA2 MM FRiRE, Av=2e, Aty = 5igr,i=1,...,6. 5% b TESP %3],

Example 4.1. Reference solution is obtained by TESP with Az = %5 and At = 10" %,

E, Aty Aty At Aty Ats Atg
€= % 1.1461E-05  2.8641E-06  7.1595E-07  1.7898E-07  4.4740E-08  1.1181E-08
€= 3% 1.2923E-05  3.2295E-06  8.0728E-07  2.0181E-07  5.0446E-08  1.2606E-08
€= é 2.0866E-05  5.2144E-06  1.3034E-06  3.2585E-07  8.1458E-08  2.0361E-08
€= ?18 3.9232E-05  9.8038E-06  2.4507E-06  6.1266E-07  1.5316E-07  3.8293E-08
€= %6 7.7212E-05  1.9295E-05  4.8231E-06  1.2057E-06  3.0140E-07  7.5325E-08
n Aty Aty At Aty Ats Atg
€= % 1.2604E-06  3.1537E-07  7.8930E-08  1.9808E-08  5.0278E-09  1.3343E-09
€=z 1.0910E-06  2.7306E-07  6.8388E-08  1.7209E-08  4.4144E-09  1.2172E-09
€ 6—14 1.0466E-06  2.6205E-07  6.5737E-08  1.6647E-08  4.3745E-09  1.3086E-09
€ ﬁls 1.0356E-06  2.5952E-07  6.5318E-08  1.6756E-08  4.6157E-09  1.5836E-09
€= flfi 1.0338E-06  2.5990E-07  6.6230E-08  1.7801E-08  5.6972E-09  2.6858E-09
Ly Aty Aty At Aty Ats Atg
€= % 7.1615E-07  1.7901E-07  4.4738E-08 1.1171E-08  2.7788E-09  6.8085E-10
£= 5.1362E-07  1.2839E-07  3.2084E-08  8.0066E-09  1.9871E-09  4.8226E-10
€= 6—14 4.6330E-07  1.1581E-07  2.8932E-08 7.2115E-09  1.7815E-09  4.2398E-10
€= ﬁls 4.5076E-07  1.1267E-07  2.8138E-08  7.0051E-09  1.7219E-09  4.0109E-10
€= 5 4.4759E-07  1.1183E-07  2.7889E-08  6.9018E-09  1.6551E-09  3.4344E-10

—&— e=1/256

10
At

B 4-2 plAle ks (£) EFRE (F) REREE (F) HREZETFY ¢ ThaAPK At 69x84% 2
Fig 4-2 Log-log plot of the errors of the wave function (left), the position densities (middle), and current densities

(right) versus time steps At for different e in Example 4.1.

Bl 4.2, =% A G thrE

FEIXA G5, IAPEROTE RN A TAE [3] P pyRA 2D Bl oy A =

N o
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2(—cos(y),sin(z))”, FREHV =0 WIS T (2o, v0) = (0.1,-0.02), #EHHM Oe)
uo(x, y) — e—20(x—x0)2—20(y—y0)2eisin(x) sin(y)/s. (4*62)

RN [—m, 7] x [-m, 7)o IXBIRATAT AN e = 1/16,1/32,1/64,1/128 HUETHEHEE, K
16 he = hy = 35e. BRI At = 1/500 S5 ZAB A 107 3 LIAH R RS K/ NI (B8
ARG SR, B At = 1/100 €0 343 R T ARRIIY € B3R 2 IR Z RN [A] T = 0.4
AL E R . XA B S IRENSI N RHREOTERN, e BEREAS . H4-38R TXT
AR e = 1/32,1/64,1/128 (BRI NI4T, BATX N THEL ) FEARIHE ¢ = 0.4,0.8,
SIS PE AR At STRNSEEE . R4-SHIE4-3rh BoR 25 A FRA 109 7%l
DAMHZR A BRI SR BB EUE, 23 [ERZE S IA TN 2 EAF

K A3 442 T AR e, TRF @R E A = Tge, At =1/50. £F w6 dEF AT K At = /100
Table 4-3 Spatial errors computed with Az = %’s and a fixed time step At = 1/50 for different £ in Example

4.2. Reference solution is obtained with the same mesh size Az = 21—’675 and a fine time step At =¢/100.

€ 1/16 1/32 1/64 1/128
E, 4.7093E-06 7.3482E-06 1.3777E-05 2.7109E-05
E, 1.0472E-06 1.0528E-06 1.2366E-06 1.3789E-06

Bl 4.3. =4 F LGB
BATEM R ERE— 72— 3D B, XEHRAVMIHELH, AT RENKSEW,
RN R AAE 3D 23[R, 1A RERG Hsl NEA NAE FE 1 25 T
(EfHEIMIR, ROTPFEBRRL(4-1)5 Pauli Jyfim B, Pauli JyREfE 1 HMRE# S
B b TR R T . RS A MRS V(e) AR H, Pauli 7N
ieOut = [é(—iev — A+ V(2)]Tu® — 1(0’ -B)u’, (4-63)

Ht o = (04,0y,0.) /2 Pauli #ilF, u® = (ui,us)” BT EL XH, T Z2IFEABE
12 x 2 B, B=V x A 2.

icdut = [%(—iev — A + V()| Tu’. (4-64)
SR, w® ATLAMRRE, B smiEs (4-1) IIBHE .
XML, AR T EAHEER SN =428 B = B(0,0,1)7, [m#AikEh A =
B (—y, 2,007 WIMEMEBCNEA O(e) JREIIRHEL, R,

(xvy’ Z) — (6—20(a:—:v0) —20y%—2022 + e—20($+w0) —20y2—20z2)6isin(y) sin(z)/E’ (4—65)

oot o = 0.5, HEEA [~4, 418 FEIKHL, BATLARBS AN hy = hy = he = & BRI« = 1/16
Hys R, SR AL = 1/40,
4 AJ R T AR FI I I S BB B ST, () = 1077,

7o
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B 4-3 $14.2: REMZ ¢t =04,08. R e=1/321/64,1/128 (M LET) FHEMEMEE, L+ 5=, w3
A 5E o

Fig 4-3 Contour plot of the density computed with At = 1/50 at different times ¢ = 0.4,0.8 for ¢ =
1/32,1/64,1/128 (rows from top to bottom) in Example 4.2, where the second and the forth columns are reference

solutions.

4.4 AREZLES5RE

TEARZE N, AR I 7 HA R A2 i e 1Sy A E Y B [0 2458 77k, Hbre
SRR A B 2R B H 5 i AE S IR Y ] NUFFT K. A4 1 A BR AR S
B T ¥R ASUE MR MERA M o IF B K — e = 45 0 T 12 PSS B I R B6 TR 2 A &5

FLRE I 1) 1 2 B B v 7 R AR BB A, A AR A BB R S, X MR A 5% A B 2 2R T
B AR AL T i A (B, I Stern-Gerlach Ji) o 54, A0S EE 3 pR AL
TP b R 74, AR AT Do i iy B S a A Ty B S 2 s i =5 T BRI T R, B E
AR FETT 1A o
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=0 t=0.375 t=0.625

t=1.875 t=225 t=275

B 4-4 #5143 RERZGEEGEHEB. n(r,y,2) =10"", ¢ =1/16,
Fig 4-4 Isosurface of the density, n(z,y,z) = 10™%, at different times for ¢ = 1/16 in Example 4.3.
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LHLARFHEFALAL HEF % Caputo $HM A KM FRAFRNLFLRK TVD Hik

FHE 7 Caputo SHHSHMTEERAEMNERSRK TVD
&i

FEARZE N, FATHOIFERSET A4 Caputo PAAR i ~FIEEMARIBUEL Ll HHRITEZLLT
73 KU ) SR e A

ofu(x,t) + f(u(z,t)), =0, x€R, t>0, (5-1)
u(@, t) R BRI REL, f(u) Rl JTRRIRMERN:
u(z,0) = ug(z), = €R. (5-2)
X, Y ac(0,1) i, 9 AFHHK Caputo FH (HEH-FHO -
dtu(t) = C, /Ot(t — 5)"%Q,u(s)ds,

Hp Co =1/T(1 =)o 2 a=1H], ofu(t) RIVIEH Y FE Ou(t).

Caputo FHUE FAEICHR [108] Ha5I N, HI TSR A T 2 2 AL BT gy . —L&
ZHIH TAFEAEN] . Caputo SEOWAF & AL 2 A2 (20 [109-110]), FHEZLH]
JFH 92 B R S A e 2 R AR ) - P B s AR SR B A B AR O B, 2 DLl [111-112] sRifiA:
[113] H, Allen, Caffarelli fl Vasseur 1EH] T 44 53 R0 E IR 00 R S0, 207 FR 1Y 55 ¢
ALY HJ2 Holder JEZE1Y. A Caputo SEAIAREFAEE AR (5-1)id 7 HA — skt
PRECRIICIZ RN Y o3 A BEA TR I TRISEAL . BRAE G RO B R AR 28 . (HRX T IX MO R BOA K
ZIEEWTTT

AR, CEAREZBUETTEMSR . XA Caputo S50y ODE B iUy & th ik
Fr 7 K& A, 206000 [114-118]. H AR 80T LAMET 20 5 i 25 Py Bos e (20 [119))
Xfasia) (0 ELGr) SRR TRRAE L. AN, XTI 2R BOT RS EL L, EA8H
—EEEHIR RIS, 20 [120]. AR RIS 4560, Caputo SEUHHZA IV E
OGS NI AR, XA B TAUERUER . B, 20T 47, Caputo FEASAERUEIL
A SRRk £ [116] H1, Zhao, Sun 1 Karniadakis $Z2H} 7 —Mi@UrkitE Burgers Jri%
FEUE T, (E AR A S 0 7 T 2SRV B i i LUS 2 AR (R AL B T &5 A
WL PRFAIFTRL, IXAP IR 2 B AR e e A F AT — A 25t

FEAFH, T HBRXTE Caputo SEU bR sFAEAL R (5-1) A B AN KR Xg =
FERATHT. AR TG DI — M Zpirig=, JFHER TaEBKSR CFL &4 T, Buht
AL ZE NN (total variation diminishing, TVD). 2A11, H &) CFL &4 o — 0 i
ST, SR SR T NG o R . AEMERL L BT B T — R A s
X, FHHIEW 720 0 YRR, FIE TVD i9. 5, xHFemxdmngfEo. Ok
AR At R RERRER, R



W B RUB AR A A 60 4035 5 9 M MG 3 7 % EHTARFHEFERL

ARBEH AT OMEE T o FRATEARTTAIE —FB 525 7 Caputo SEIAR &t SFHAE R —
YEIE R A5 2 5, AR ZES, T Caputo SARITEMERI LA R . A TESBIR TIF o
T 3 W —YRIEE I B Wl KU IARE AT, SRJEEIN T — Ry KT Sk 5 CFL
Zctbo FRAESE 4 W TR BUEN, ANOCEIIELISUT SR, @ T— 2% o
ORI A Caputo AR

5.1 EARENIRFENX

FEIKHER I, FRATE S 2R R 0 2 T AU XU R Mittag-LefHler pi%%, Jf/ Caputo
FHANE 1AL FE AR g FRA T R LS 2 2 i 1R SO R

ofu=—Au, wu(z,0)=g(z). (5-3)
A B AMEAGENE T RYEHEA A #,
Lu(s) :==u(s) = /OO e *u(t)dt,
0

JE(5-3) 2
(s*+ A)ya = s*"'g.

EEEAC T I BULE T
u(t) = Ea(_taA)ga (5_4)
E,(z) /& Mittag-Leffler pR%{
0o o

MRS A= —ad,, Hfa NFHEL WHAMAXFTERN,

0fu+ adyu =0, (5-6)
CHIER LISy
u(z,t) = = nen (5-7)
“T'(an +1)

R, 4 a=10, 2R SOEE R bR S AE A T RE LA B R
u(x,t) = g(x + at) = Z %a"t". (5-8)

n!
n=0

SR, XTI ERE(5-1) . T ARZ A e (A AR RENS B, (SR s (8 3K
MEEH AR E L

BN 5.1, u(x,t) EHFRG-DEEM, WE 0% € LL(R), f(u) € LL (R) KxtT{R(a it H%k
»€DR), f
Awmwww@@m—a (5-9)



LHLARFHEFALAL HEF % Caputo $HM A KM FRAFRNLFLRK TVD Hik

NATTAT DMRZS 5 i 56 1R 55 ff A & 2 B MR IOHE T (5-1) IR DA HRHTZ 55/F
SR, AGARUESFIEAE—FE, (5-1)AISS AT REAME—o A THEIIX AL RATH RN 80 1y
Burgers’ ¢

O u+ 0, (;u2) =0, (5-10)
NAMH

1, x>0,

u(z,0) = { (5-11)
-1, z < 0.

HRAMEAR GR35, XERERNTA Pk r R CLE5-1/5)
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Fig 5-1 Non-uniqueness of the solution. Left: the static discontinuous solution. Right: solid line is the rarefaction
solution with memory effect; dashed line is the rarefaction solution for the Burgers’ equation with the standard

time derivative.
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Fig 5-2 Left: Absolute stability zone for « = 0.8, n = 10,50,100. Right: Absolute stability zone for a = 0.4,
n = 10,50, 100. Reference: backward Euler for the standard derivative.
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1o Convergence test
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Fig 5-3 Convergence test shows it is a first order scheme in Az.
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B 54 B tenX. (a) a=0.7. E: % At =0.0008 #4&Xlsk. F: % At = 0.00135 o4 X L #. (b)
a=0.8. £: % At =0.002 H& XK. T: % At =0.0035 /4% XLH. (c) a=0.9, E: % At =0.005 i
X F: & At =0.0065 B4 XK Ho

Fig 5-4 The stability condition test. (a) a = 0.7. Up: scheme converges when At = 0.0008. Below: scheme
diverges when At = 0.00135. (b) a = 0.8. Up: scheme converges when At = 0.002. Below: scheme diverges when
At = 0.0035. (c) o =0.9. Up: scheme converges when At = 0.005. Below: scheme diverges when At = 0.0065.
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Fig 5-5 Convergence test shows it is a second order scheme in Ax.
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Fig 5-6 The stability condition test. (a) a = 0.7. Up: scheme converges when At = 0.0003. Below: scheme
diverges when At = 0.0014. (b) a = 0.8. Up: scheme converges when At = 0.0009. Below: scheme diverges when
At =0.0033. (c) @ =0.9. Up: scheme converges when At = 0.002. Below: scheme diverges when At = 0.0065.
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Fig 5-7 Implicit upwind scheme for the linear advection equation with different . Left: stability test. Right:

convergence test in Az.
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Fig 5-10 Left: solution (green line) at 7' =1 with A = 0.5 (dash line) and exact solution with T'=1, « = 1 (blue
line). Right: solution (green line) at 7' = 1.5 with A = 0.5 (dash line) and exact solution with T'= 1.5, a = 1

(blue line). Dash line is a(z, A) with corresponding As.

1.0 — — - 1.0 - S
0.8 0.8} i
0.6 0.6 | i
0.4 0.4} 4
0.2 0.2} R
0.0 L L L 0.0 L I I

-20 -15 -1.0 -05 0.0 0.5 1.0 15 2.0 -20 -15 -1.0 -05 0.0 0.5 1.0 1.5 2.0

B5-11 & #MEAM (FE) £AT=1RA=24 (B&) PHAMET =1, a=1 (EX). &: HEM (FK)
AET=15RA=24 (BL) PHARET =15, a=1 (HEL). BEXAFTAEN X T a(z, A).

Fig 5-11 Left: solution (green line) at 7' =1 with A = 2.4 (dash line) and exact solution with T'=1, @ = 1 (blue
line). Right: solution (green line) at 7' = 1.5 with A = 2.4 (dash line) and exact solution with T'= 1.5, a =1

(blue line). Dash line is a(z, A) with corresponding As.
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Fig 5-12 Left: solution (green line) at 7' =1 with A = 5.3 (dash line) and exact solution with T'=1, « = 1 (blue
line). Right: solution (green line) at 7' = 1.5 with A = 5.3 (dash line) and exact solution with 7' = 1.5, a = 1

(blue line). Dash line is a(z, A) with corresponding As.
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Fig 5-13 Left: solution (solid line) at T'= 0.5 with @ = a1 (x,t) (dash line), At = Az = 0.01. Right: solution
(solid line) at T' = 0.5 with a = 1, At = Az = 0.01 by using the implicit upwind method with fast sweeping
method [130].
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Fig 5-14 Solution (green solid line) at T" = 0.5 with o = a;(z,t) and solution (blue dash line) at T' = 0.5 with
a =1, At = Az = 0.01 by using the implicit upwind method with fast sweeping method [130].
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